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1 �v��\09I%o�mGX�d%<F*MUh=qo�D%4N�KhZqo (B2�Iqo) ht?Y|)h�{M
_G%o�mhdB�O	F (=qo<F*MU) �`D%Iqoh5d��5d<
��m`��D09I%o�m�y?�[D%Iqo.z�KhZ*%?X�=qoh�{
�Z*%B�SEZ*%
Z*%h
t��D%Iqoh<�
"~ 1 \E�~ 1 ?
 P1, P2 �Iqo
 C ��%|h<�
 x-y v℄�D%Zqoh�{v℄� P�=qo��SEZ*%?
=qoh�{�E��

{

r̈ + 2(−ẏ, ẋ, 0)T = (∂Ω/∂r)T

Ω = (x2 + y2)/2 + (1 + µ)/r1 + µ/r2

(1)|? µ = m2/(m1 + m2), m1 B m2 �-�Iqo P1 B P2 h<F
 m1 > m2 
��℄�GD%Zqo2kh 8��%|V�d%{?RZ�
B� Jacobi Z�
FD") [1] �
2Ω − v2 = 2Ω − (ẋ2 + ẏ2 + ż2) = C (2)�� zevt�2008-05-04 � �hvt�2008-07-04il�r�9gR�)UX�^*8f (10673006)
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� 1 �TF[+&_ 5 &w|u Li(i = 1, 2, · · · , 5)|?Z�?Q C B� Jacobi ?Q
�Z��=qo�{hxIX�?;�Cb�D (1) V� 5 %vH�
_[�SEZ*%?h�8"~ 1 \E
|? L1, L2, L3 �D%ZqohB2)
B�.2v{t� L4, L5 ��D%ZqoCl'%zFh�8)
B�%zv{t�.2v{tG1�xh
_�|��V�ur�xhDy�mDy5d
&>th1�xI^ur�xI�6,e8?�O�6��hw| [2∼4] �	%zv{tG�xh
|��IHODyBmDy5d
&�6,e8?G���w|����R
&O6#H�&7v{t��h{?Rj-��yl6
�[�%zv{th1JrC�9VX�
�	4�D%Iqo1(hD0DB�xh{?Rj-
�_[�?fY|?`D)S�8>Y(O��6,e8?��<|j4l�m
�[hX�1��"�)�k�h�:�E$%h*Y
W��xIhj-l^|��Dy5dhV�M3
�%zv{thw|��YdSN�
2 '|x}v��jF{7fW�oF{7fX�%zv{t��h{?Rj-<
�[$3�vZ*
tT<� C vhb%zv{t) (L4 V L5 
�?"�j-S_
Tl L4 �=) 
e=qo4� L4 hZ*� (ξ, η, ζ) 
Job Ω

0
xz = Ω

0
yz = 0 (|? Ω

0
∗∗
h)*,E>Q Ω ��Z*a
)* 0 ,E� L4 Nh�4) 
� L4 ��2IO�{�E�
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0
zzζ

(3)-�
 z �:h�{�dn?,{
uT� ωz =
√

−Ω0
zz(= 1) 
_� x-y v℄jh�{G*�8h��� z �:h�{CAG�xh
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λ2

1 =
1

2

[

− 1 −
√

1 − 27µ(1 − µ)
]

, λ2
2 =

1

2

[

− 1 +
√

1 − 27µ(1 − µ)
]

(5)-�
` µ < µ1 =
1

2

[

1−
√

69
/

9
]

≈ 0.038 52 · · · <
 λ1 � λ2 $�QNQ
&,_ L4 ��h�{G2I�xh
 µ1 B� Routh \0�` µ = µ1 <
 λ1 = λ2 
�?vK.2I�(7
sR�{G1�xh�` µ > µ1 <
 λ1, λ2 1��QNQ
�?vK.5Q�(7
sR�{nG1�xh��`^%?#Z�Q%o%|	[
 µ �=� µ1 �`�
)N�xI�V
GW�2IO`Dh�:
`&S�2I7hz6<
LH�0h%4
`
µ < µ1 <%zv{t��G�xh
41*Y6q�/ [5] �` µ < µ1 <
 |λ1| >

√
2/2 > |λ2|, x-y v℄jV�DVDy5d
_[huT`� |λ1|� |λ2| �y?BDy}ZhDy5dV��Dy5dV
 (�wuT}=h |λ2| dV) 
	NdVDy}= (`uT}=h |λ1|) h��Dy5dV�e ωl, ωs �&DV5dh"-uT
` ωs = |λ1|, ωl = |λ2| �sR%zv{t��� 3 %"-uT
�-� x-y v℄jh ωl, ωs� z �:h ωz 
�w� 3 %Dy5dV
�-� x-y v℄jh��Dy5dVl^�w ωzhP3Dy5dV�� x-y v℄jhDy5dV1z
P3Dy5dVC�h�{.10� zGd%�:)hdÆ�{
_[G%Æ,k?hDy5d�Z��V5dh\0	F� z �:�
=h,{
_��0,�hDy5d	[

� z G)�{G1*kh�1�P3Dy5dVhX�
41*Y*6q�/ [6, 7] �� 0 � µ1 2kV�d>jMh µ 4
e� µk 


µk =
1

2

[

1 −
(

k4 + 38k2
/

27 + 1
)1/2/(

k2 + 1
)]

(6)

k ��9Q�` µ = µk <
 ωl, ωs Cn℄/Q#
R<�Vv�8(O
 x-y v℄jT L4t8�KhDy5dV*k
�dV
n*k��DV [8] �Z��b>jMh µ 4 µ′

k, ωl �
ωs n*kz ωz C/Q# [7] 
_R<.1V�Dy5dVn.V%��h	F
s�2I	F) (*l9���
=,�hDy5d) 
 z �:h�{z x-y v℄jh�{G�8h����Dy5dVhC�2k
V�Od>Dy5dVB~O_[ [9,10] 
&>Dy5dVy?!B���C	�` µ �<L�4 µk <
�Ch�0S�8(O����Dy5dV�P3Dy5dV2k
nV�Od>��C	B~O_[
` µ �<L�4 µ′

k <
�Ch�0nS�8(O [7] ���Dy5dV�P3Dy5dV^B~_[h&>�Ch℄O(�1G"�b�.hj!
�C�h�%*6q41�/�d�	[
ωl �ωs �ωz .1y�
sR
%zv{t��IHO
�_hmDy5d�LR2�
�xhDy5d��nV�mDy5d [11] �sR
�%zv{t��
�w�oJCurh�{
LjMM (5Dy5d) �
�GmDy�{�&>mDy�{`��)N%BuT
�� z �:h�{CAG�xh
sR1�&>mDy5dh�xIX�IbG+� x-y v℄jh�{�X�,_
6�`,��?=<�Dy5d4G�xh
	�Dy5d`B�,�}Z<nG�xh
`�rTo (V|^?Æ) V�<
�Dy�{�FG2D.��(	M�sR
":bQ�4whmDy5dY�e8�xt�%zv{t��hd*5d
w��F<L|?h�Dy�{�F
&��F.2v{tXbur�x	<L|
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*l(K<L�Dy�{�Fh�!,XD
q)℄h�.�D (3) h� (z �:�n℄hn?,{
&:1�(K) ")�
{

ξ = C1 cosω1t + S1 sin ω1t + C2 cosω2t + S2 sin ω2t

η = C̄1 cosω1t + S̄1 sinω1t + C̄2 cosω2t + S̄2 sin ω2t
(7)|?
ω1 = ωl, ω2 = ωs 
`�w�℄\Sh���Dy5dVh"-uT
Ci �Si B C̄i �

S̄i(i = 1, 2) ��JCur ξ0 � η0 � ξ̇0 � η̇0 �xhZ�?Q��H<L�{?h�Dy�F
bB C1 = S1 = 0 
�whJCur�


















ξ̇0 =
Γ2Ω

0
xyξ0 + η0

2Γ2

η̇0 = −
(ω2

2 + Ω
0
xx)ξ0 + Ω

0
xyη0

2

(8)X�hr8F ξ̇0 � η̇0 v��8hr8F ξ0 � η0 �x��ur*|6Y�e8�xt�%zv{t��h5/g�����D09I%o�m`D
b(K&S"S7z6h<L�Dy�{�Fh�!,XD}4i
z<n�&b
s�(?�{`D��D09I%o�m`D4#V�G�0{sW
&>0{sWhFa�MUwh"S7hFa4`


&S�D09I%o�m`D)h"S7L0
.�?foq
z<<���hur,XDS(/9�Cdxh4i�` µ 4�?=<
 ωl → 0 
 ωs → 1 
="�– (p + �) %|
 µ = 3 × 10−6 
4whD%"-uT ωl = 2 × 10−5 ≈ 0, ωs = 0.999 98 = O(1) 
&a7 ωs � ωz = 1 �?~�
��Dy5d	[
\Q�hd*5d�9GDy5d
�2_[?f)GmDy5d�
3 �zK�"�)NhV*1
̀ µ < µ1 <
�D09I%o�mh%zv{tG�xh�d�	[
�xÆ�[O µ h��	�� [12] 
_� µ2, µ3 N� 0 
���D09I%o�m�xI^�xÆ�hhV
*6q�/ [13] �(??`D��D09I%o�m`D%�G�;-h
="p−�%|
_��D09I%o�m`D4#
Ib�Dt1z
dGD%Iqoh5dG��5d	.��5d

GV�|^Zqo ("`^) ht?0{�k�h*Y,_
���D09I%o�m?
%zv{t� µ < µ1 ur)�G�xh [14,15] 
Q4`mdY�:,_H&d.;
_|�xM�r%o0{	\41��	
&4^b�0�xI�m
+�9V)W#�"&7�mh�Æ
sRQ4�Æ		�C�X�&7�xIy?5|hJ��"�5|HzahJ�
�� – (p + �) %Bp−�%
YH4wheh
)℄�o�.X�*YhW"!3B�:�� P1L4 hZ2)Q�dt
l&dtb L4 h 8 λ Y��t\�5dhJC,� (`4�%zv{thJC�8r8
Jo
r8Fh℄�GD%Zqo2kh 8)��thJCX�Q�M
�dx?`D)|Q4�Æ(K�th�{5d
":�u5d*l�<k
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���%zv{tG�xh�":�u5dG2�(
���%zv{tG1�xh��– (p + �) %&SHp�%<�^|^0{ZHBh5dr�T
z<Z�=qo�`^�p�%<�^Ib0{qo (B��B�UB��B)h5d�i5ZHB^p�%h5d�zdv℄j (MUH4wh=�zz6) 
|JC4�[Y(K�dY,_
`JC,�}=<
=qoZ�S�Hb8%zv{t}�hp�
_To	[
_*l
�%zv{t�{G�<k	18�
"~ 2(a) \E (λ = 1 × 10−4) �~?5d�SEZ*%?h~9
()℄"�j-S_
5d$�SEZ*%?(K) 
Z�<k� 1×104 �p�%<�h,KDy��	
`JC,�,Z< (λ = 1× 10−3) 
=qo�SHt�8%zv{t
"~ 2(b)\E
&d�8%zv{th5dsh.;��– (p + �) %h µ 4}=�1��−%h�xIk#�– (p + �) %�
�%|h µ 4}Z (10−3) 
|^ZHBh0{Y|1�
&0G Trojan =HB��yV�hCb
s2d�

� 2 (a) �–(q + �) &&{w|u��ev+Az�G�&{w|u��i6e�
(b) �ev2lAz�Gi6e�[�=l� 1×104  q�&=Ai-LEzp−�%&SH��h5dr�T
z<Z�=qo�p����BIb0{qo`^h5d�̀ ^B��h5d�zdv℄j (MUHR�yzhz6) 
|JC4�[Y(K�dY,_
p−�%h%zv{t�`^ht?0{)G1�xh
"~ 3(a)\E (λ = 1×10−4)
Z�<k� 1×102 ���h,KDy���p−�%
`BJC�8r8F λ }=
5d�_-�(
� 1×102 ���,KDy&d1�h<kj (1b 10 a) 
=qok�8%zv{t�Z�p−�% µ 4}Z
|�wh09I%o�mh%zv{t��h�x�
w�}Z
_?f�{M.�"R
&�G��rTo`^t?0{hV��":v`^h<F��pp= 1 %Fa
5|z~ 3(a) 4zhur
Z�4z<k
5d1S�(
=qo���F�%zv{t L4 D

"~ 3(b) \E�"�\�h(??`DZ��?f?`D��;- (�&S\�0{qol^zd5dv℄hi5) 
_Ib0{sW (5dr�T�~IbY|h0{qot?) �k&S
sR�?`DgKh�:wk�{?f?`D)h�:�F?)
$%k&S<�/h`^%?`D (�5`^��ZHBB��
ZHBB��h5d��!;,(K)
gKH4zh�V�
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� 3 q−�&&{w|u��iEv[�6e
(a) �y*Ab`� (b) Iwb`>G�xof'Gbk�;

4 '|x}vg:�j3�1;�)N41X��:hWM)
"#v�.�� – (p + �) %Bp−�%h%zv{t���	xte8�h�1�/9�m�K+hV�1�m���– (p + �) %	[
%zv{tG�xh
sR1V�7U.2v{tgah�x�1�xQF (n℄	[
(xd%1{tVDy5d
�xQFG5[<kh0:℄O:1{tVDy5d'�h5dh℄E
	1�xQF�G5[<kh0:℄O�81{tVDy5dh5dh℄E) 
1k��pw/5d)�dS(5`ve8�V#d*5dh�xQFB|Q{Khbd*5d) [16] �v�– (p + �) %h%zv{t`Yd(HB
��1�m4`�Tp��1d(HBfe8�
�d�HBfe8�\1zhGd*HBhzX��p��%<��{zX�4z�&BHBfe8�h�1
y?*5|DS(5h��
`K+��pw/5d)(5dSv_Vbd*HB (&:�%zv{t) ��
�K�S(5B|�
�	d*HB�H�y?&7�15d*|
ot~h�ÆV$ [17] 
)℄b�.hGNdu<|.2v{th�1��
nb=N")�X�,_
.2v{t L1 V L2 ��Dy5dh1�xQF*lbX%zv{t��
	�xQF*l'�p��sR
":��pw/5d��(5dSve8�V#�xQF
Be8��{?�Hb L1 V L2 ��hDy5d)
�K|\=hX��F (|44��1<E\MhTkF*MU1d) ve8�TDy5dV#1�xQF
̀ *�{?�Hb%zv{t���-�
":b�1b L4 ��
�e8�K+MTp��1b L1 ��
�Ky< L1 ��Dy5dh1�xQFbX L4 ���":b�1b L5 ��
�e8�K+MTp��1b L2 ��
�Ky< L2 ��Dy5dh1�xQFbX L5 ����/ [18, 19] ��D09I%o�m`D)5(hVH"D<|QF^%zv{t��d*5dhjt6V$~O (`�9kF) �15dh�Æ
&:1�5N�~ 4 (KH��?(Khdu�1b L5 ��hKh5d�*l%K
Kh5dhG�<kA�� L2 ��h��	) (&>�`� L2 ��hDy5d) ��/ [19] lKHdB<L&B��	h�Æ
`
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`e8�hKh5drdS�<�v℄<
:hd=�?
B|3~�# L2 ��Dy5dh1�xQF�&ahV$7U�(??`D)G�?�|h
~ 5 (KHdu(?`^%t?`D)hKh5d (5| DE405 ;,) � L5 Nhd*5dFP<k� 8 a(�d*5d�(??`D)ÆFdx<khmDy5d
q)NhV) �Kh5dh~Ct (�pw/5d)h(5t) �wh;	 MJD=54 914.8 
� P tNh;	 MJD =54 942.0 
� L5 ��(5<h;	 MJD =55 908.7 �%S(5X��-�
∆v1 = 3 197.104 m/s, ∆v2 = 268.725 m/s, ∆v3 = 742.366 m/s 
TkF� 4 208.195 m/s �T�pw/5dbt P M< 0.074 a 
Tt P b L5 Nhd*5dM< 2.647 a �

� 4 E1:J&p�n*ev�2 � 5 ev�a_&)�u�aE*Uq��q
L5 ��e+6eiLi6e x06eY L5 ��e+6eiLi6ed�	[
b�1HBfe8�
MbB_�8p�t?
	<|.2v{t��hQF6�8p�ht?�
		}�9kF
&G5|)N�ÆV$<�5dh
s�`�
4wh\jGKh5d�A�	}�<k
G���?|j4
b�jxh?q���x��p−�%	[
�1e8�b%zv{t��4`��1d(�p�B
��Bhd*5d���5d
5d����p�v$ 8
sR�1*5|O|h Hohmann Kh�D
&:1�5(VN�1�xt/9�m
)��℄r 3 #��xI�!h�.*1
wQ�<L�Dy�{�Fh�Dy5dY�e8�hd*5d��	�?f?`D)
`B5dhJCurXU�Dy�{hb
��0{sWhV�
5dA�S<8�Dy�{�F
a75dsh	Be8��8%zv{t�sR�e8�h�H<E?Mb�|�H5/�y?�DB/9���dGZ$dx<k�D (8) (Khur�e8�/9dS
<Le8�h�Dy�{�F�NdBGQxdud*5d
/9e8��d*5d���H�$�r
B/9���H
*5|R<q�/9`DVBP=�?/9`D
�1/9h(�*q�/ [20,21] �1<
��p−�%
��`^t?0{`Z
":5|�D09I%o�m`D)hur (qD (8)) �e8��H/9
1
A�kF}Z
	�/9h<kk$1k`��~ 6 (KHZ 3.578 a /9dSh�: (x-y v℄j) 
�H<k� 1 a 
./9 91 S
TkA� 1 746.132 m/s �":5|r
B/9�D
d*5d		1jQ��D09I%o�m`D)h�Dy5d
	*l��%|h%zv{t��0�duÆFdx<khmDy5d
5|&75dY�d*5d
/9\MkF}-�1�"D�(?t?`D)0�mDy5dh�Æ
�%*6q�1�/ [22] �~ 7 �(KH&adu�/9)�H 5 a hd*5d (x-y v℄j) 
JC;	� MJD=54 954 
JC#5�8
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X� ;� 10−6(4`� 0.001 02 m/s) 
Z
4.771 d /9dS
q�k?09� 0.1 m/s< ∆v <10 m/s, 5 a hTkA� 0.222 m/s �5dh14�FM`�`^t?0{�1�

� 6 q−�&��vs (8) 0:i6e � 7 q−�&�&{w|u��ev�G� 5 a inEz6e1i%K
5|(??`D)0�KhmDy5dY�d*5d
A�hkFb-g��&,_�D09I%o�m`D
�p−�%?<|%zv{t	[
��`^t?0{`Z
_.�E9h�U�
5 � P �"���D09I%o�m`D?%zv{t��h{?Rj-YHnb�.
�RWM)�E8j�h41X�*Y�:
��– (p +�) %Bp−�%?%zv{t�6,e8?hw|��l^"D<|YH4wh�!
�v6*kh?q��l+&bh9Vg��^n}��
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Applications of the Triangular Libration Points

in Deep Space Explorations

LIU Lin1,2, HOU Xi-yun1,2

(1. Astronomy Department, Nanjing University, Nanjing 210093, China � 2. Institute of Space Environment and

Astronautics, Nanjing University, Nanjing 210093, China)

Abstract: Different from the collinear libration points, the triangular libration points in the

Circular Restricted Three-Body Problem (CRTBP) are stable when the mass ratio of the sys-

tem satisfies some conditions. Since they have constant configurations with respect to the two

primaries, these points may be useful for future deep space explorations. Generally, there are

periodic and quasi-periodic orbits around these points. These orbits are stable and can be used

as nominal orbits for spacecrafts. However, in the real gravitation model of the solar system,

these points may become unstable or at least the orbits around them will deviate inevitably. So

orbit control is necessary. Due to their better stability than the collinear libration points, orbit

control around them may need less energy.

In this paper, the dynamics of these points were firstly stated. In the cases of the sun-

earth+moon system and the earth-moon system, two real gravitation models of the solar system,

the motion around these points was further investigated. Finally, problems concerning the trans-

fer of a spacecraft to these points and orbit control of the spacecraft were discussed.

Key words: circular restricted three-body problem; triangular libration point; periodic orbit;

collinear libration point; invariant manifold


