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l e X � { 5 xt J > Lyapunov� - < � � y.y��x K L y � �~ 
 Y y b - �*! �

9 Lyapunov � - � �( / G � 9 Æ � J > Lyapunov � - �Z e G 0;y ^ b 6 � h � � �
{ JG � �� � GZ � I�y % � �

Vallejo | j

[9]  
 �G 0;y ( C l ∆t yj � k�D � 0y � � ' h h K 
U � �?

! " ] �ZE � � b y ∆t �k - � � 0 � � ' h �P B Z 5 � 3 u � 9 � � �p � h xt.K + e y 5 � �	 g �� j 0 I + k 6 0 I + y_u�Z P b , � y ∆t �k - � � 0 � � '
h � P e 
�3�~ h K 
 e 3 �Æ K s M y n > K = > G �� & � Y y�K_u ~ K �K [

4 K h F C v E y + $�< � � y0;| X j < ] � l "y0;�Z e I Z P � 9 n > G _u � A K C_uy J > Lyapunov � - �b K G 0; k R 
�K_uy + $�
x * 1 * 3 + �g K V _uZ ���D � 0 � � 0Q s > � � � [ � k 04 � 9  [ �

4 y Lyapunov � - �Z � x K � � J > Lyapunov � - �g�GZ J > Lyapunov � - G 0;�I Z g - [ o 4 0 �Y � V $ Z ��=xt K � ^ y h � � � y Lyapunov � - �P �x h � � � y Lyapunov� - G 0; [53] �> m h � � � y Lyapunov� - H � *S (1) (y t9 ^ � � > xy Lyapunov � - �Æ+ h � � � y Lyapunov � - G B W% J > Lyapunov �
- G y � 9 i/j�p @ _ r �&_u � q h � �Szezech | j

[53] �Z��&_uyEj h �

� � y Lyapunov� - G 4 G 0; ~ � _�= � Ej>0 ~ - ��_�3 + ; [ o Ay k 2 ��Ky�K f ~ � _�3 + 6 0 I _uryh ~ �p br � � �0 � h � � � y Lyapunov� -

G 4 G 0; ~ - ��_�Æ+ G K �9 ' � 0 � � L�y _ � �@ 9~Z 
 p J > Lyapunov� - G 0; ( C ' ∆t j � k�D � 0 � � _ � y 0 + 
 � �
2.4 �p� Lyapunov �Q

~ b - �*! � 9 Lyapunov� - � �r � x G Y � � B Z 5 L�� ;� - # � j K D r
y - �� 9 K D� - � ' i/j � y � 9 � � �P  j � t9 5 b Lyapunov� - k > G�D � ] � y 5 O� Froeschlé | j

[10]
L Z�~ G
 � 9 � � � 4 9A b ,�y�I 9� �

� C S �� a 7 � 9 - D�1 (p S � � y , � K D S � � � � y � + ) y��;�1y - �
K � < � � .y�6 T ~ Æ K � 
 � � 4 @ ; g { � h # � t*��p� j �K�6 0 I �N�_uk9���Æ K �1� ' h pj9 X �Æ F Z P > G � ] � y a J 5 O�? ! {�Z�
g j d % � � � y� N � + $k>0 S � � L�y a 7 � � �Y � � u� * y K D S � � �
� y � + ~ � P  � �Æ I Z P b G�Ky > 4�1�� x * 3 � �Froeschlé| j

[10]
� � � � 4 h 2 k�Ky 3+�1�� K Y � V $ X n(0) =

(x1(0), x2(0), x3(0), · · · , xn(0))�� Y � � [ n k S ] � K D � + � { y S � � � � j V n(0) =
(v1(0), v2(0), v3(0), · · · , vn(0)) �
 U 3 D�1 [10] �
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ψ1(t) = 1/‖v1(t)‖n ,

ψ2(t) = 1/(
nQ

j=1
‖vj(t)‖) ,

ψ3(t) = 1/(supj‖v j(t)‖n) .

(7)

� j �K_u�	 g ψ1(t) ^ q� - � a 7 Z j � �g j v1 � < � 5 �y�@ j � y�L 'Ej Lyapunov � - _ #� ψ2(t) l ψ1(t) % , �5 b S � � � � � + y.yIh� � \ S �

� * � 5 �y K ( + �ψ3(t) � P > h S � � j � �Ly x e 8 j �1�g j Æ 3 D�1� l

 D S � � y , C y h U�S� j h 2 _u�Æ 3 D�1�m - � � Z j � (y a V d � � j

S � � C yR0 I ��y h 2 _u�Æ 3 D�1 S ~ - ��' h 4 7�)��� j �K_u�Æ 3 D�1� ^ � - � a 7 Z j � � Froeschlé | j � @ ! Y P j a 7 Lyapunov �1�6 T

~ � � � 9 � �S � � 9 ^ qG k m,�y�� 0 � � 9 �L G H L " 9 �
�p � � > h yY � V $ ^ qA b X F y � 0 � � �n � [10] �Æ � �1 b j 19 a • k Hènon k Heiles [2]

� yy & � , ' �xt ψ3(t) 5 PEh� [ 0�Kk h 2 _uy 5 � �g �� ψ2(t) k ψ3(t)y � 9 G % ψ1(t) v/I�y � � �
	 g �Æ � �1 5 P [ 0 h 2 k�K_u�p s M � @ ! 5 3 b k [ 0 h 2 _uyF+

o ' �y p G j 9. KAMzy 6 0 I _uk 
 r r � (yN�_u�� j > h y h 2 _u�
Lyapunov � - ^ q a j � �69 5 > K = [ 0F+ h 2 _uy o ' � 2000 7 Froeschlé k
Lega [11] �Z�N�_uy a 7 Lyapunov �1� t % 6 0 I _uy � ^ � � x��? ! ' x

' y a 7 Lyapunov �1G � < > �
 A b S � � � (t)(# *S (2)) y C y k Q � �
FLI(t) = ln ‖� (t)‖ , (8)

K (� ‖� (0)‖ = 1 T � 9 � � � C ^ j � � o l 1 �@ o 5 j J > Lyapunov� - �pÆ u �

h A b ,�y�w b FLI k � 4 h 2 � �K_u9� � � T FLI y - � 5 b�I, G � VG FLI l � � t y.yU � �I H � V FLI < � � ln t � � + �L (
 ] � A 5 � � ) { �� - �L�g j S � � � (t) y � 9 � h � 
 ,�y
S�K 4 � ��K V d � K � -  v 7� � a �S FLI P j � 4 h 2 k�K_uy a 7 �1�^ q�Z�@ % (7) � (
 U y 3 D�1 � 9 � ,�e a � FLI Z [ 0 h 2 k t �K_u�{ 5 � 4N�k.N�_u�
g e Z # �H q v V ( k V �FLI 
 � � h ,�yy  f a • y J > Lyapunov� - �O

' {�Z�q - G � 9 � ] � 4 y > h Lyapunov� - � �� K V G
_u / } 5 ^ � * Y �

S � � D�6  E 
 K f � 0r � 
 Gram-Schmidt � * ℄ K 
S�3��K 4���K_u
S � � y C y ' &e Z j K V � � �Z j S � � A � NEj Lyapunov� - * � C y�e a �
Froeschlé| j

[10]
~ % { a 7 Lyapunov�1 � 6 T t�g j d % � � � y� N � + $k>0

S � � L�y a 7 � � �Y � � u� * y K D S � � � � y � + ~ � P  � �Z e � b Æ+
+ $ k % { > ��Ky K +�1�p � g*S (7) GZy 3 D�1 k V �K �ey S � � � �y � + e U 9 + 	 � Skokos [47] � � A b ÆD � + < � � y.yS��L Z b , � < � �1
(Smaller Alignment Index, SALI) k � 4 h 2 k�K_u�
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2.5 �k�vr�QG
Y � V $ x (0) �� DY � @ q � � � 1(0) l � 2(0) y � 0 z �*Sk L f Y 6 .0*S�Z � x t � [ � D @ q � � � 1(t) l � 2(t) � � 0 K DT
y � � �� > ) [ K y�
� [ K yry 2 Do l � � j � 1(t) k � 2(t) �
 U SALI j

[47]

SALI(t) = min{‖� 1(t) + � 2(t)‖, ‖� 1(t) − � 2(t)‖} . (9)9 3 �u SALI(t) ∈ [0,
√

2] �{ Z P  
 SALI(t) = 2 sin(θ/2) (θ ∈ [0, π] j � @ q � � � 1(t)
l � 2(t) y � + �s θ , � �� SALI(t) ≈ θ) �q � 1(t) l � 2(t) < Q K � 
 X � &* � � �
SALI(t) = 0 �r � k - � � D 3 + �� j � k " a • � e K D= g �y='d % � � Y y h

2 _u�K � V d � � @ q � � � 1(t) l � 2(t)E* ' C yt K k 9.' \ � y S � * � �S 


SALI(t) → 0 [48] (y a V d � � j S � � C yR0 I ��y h 2 _u�SALI(t) ~ - ��' h

4 7�)�q g ��K_u Z S � � A � NEj Lyapunov� - * � C y�( h SALI(t) → 0�p x * � 
 Z j � y* � 1 g 9 X �O 
 � m - � y��r
 � � - � y�� j 2n k " a •

� e n (n > 1) D= g �y='d % � � Y y h 2 _u�Z h ~ n Du � �ny� { R { �0�S � _u � j n k 9.z ' x �g� � @ q � � � 1(t) l � 2(t) K �_ j 9 X * � �� x
SALI(t) ~ - ��' h 4 7� [49] �q g �y a V d I h �h Z 5 SALI(t) → 0 �p Z j � y* � � m - � y (ÆD y a V d 6 � h " r G
6 T t�6 T r G
:, Q � b SALI(t) yE* 5 b k G j � 4 h 2 k�Ky > 
 L L � t ! y > G 3 + �b SALI(t) < � � � m - {
� � - .y k G j � 4 h 2 k�Ky > 
 L L I j n r ) �H �K_u� @ �A � h SALI(t)� - Z j �

[50] � SALI 5 P a 7 h � � 4 h 2 k�K_u�
SALI � W 
 w b � 0 z �*Sk X � � 0 � f.0*S ^ xy��A b � � A _u 
 KF=y.0*S � x � � A _u h � � � y Lyapunov �1yH I Z P G j ! 
 h 2 k�K_uy�1� Sándor | j

[51] �ÆDHP j � � h � � � y Lyapunov �1 (Relative Finite
Time Lyapunov Indicator, RLI) �
2.6 �	\Æ�}iY Lyapunov �Q*S (1) (y t 9 ^ � � > xy Lyapunov �1P j h � � � y Lyapunov �1�� G
L(x 0, � 0, t) (K ( x 0 k � 0 043 � Y � _u8 C � kY � @ q � � ) �p b�GY � _u8
C � h z 0 @ H ∆x (E � 5 � j ‖∆x ‖ = 10−8) �e � Y � 8 C � . j x 0 + ∆x �0 � > x
h � � � y Lyapunov�1 j L(x 0 + ∆x , � 0, t) �j � �� � � A _u h � � � y Lyapunov�1yH j

[51]

RLI(t) = |L(x 0 + ∆x , � 0, t) − L(x 0, � 0, t)| . (10)� j h 2 _u�RLI(t) < � � t ~ - , � ��: A 7���� j �K_u�RLI(t) � h K �
� � x � itEj� (itEj�y � � � j τ) �g r � ) Z j � �Z j < : � � V0j�
L(x 0, � 0, t) k L(x 0 + ∆x , � 0, t) �.QEj Lyapunov �1�� @ l Y � _u8 C � kY � @

q � � y 5 � v U� τ l �KS� h U��K v P 	 � τ H v � � Sándor | j

[52] { W G
� RLI(t) l Y � 8 C � @ H ‖∆x ‖ yU � � 
 ~ h 2 _u( RLI(t) < ‖∆x ‖ � + �L�� ~ �K_u( RLI(t) ' ‖∆x ‖ y.y _ � 9j�Æ � Z j h 2 _u [ � � A _u � # x �T r Y � @ H9.�B W � 
� h Z j � y C y�p C y=� � # K !��� j �K_u�
L(x 0, � 0, t) k L(x 0 + ∆x , � 0, t) � G � Ej Lyapunov �1=�9 K !� ; 7 X A �
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B W RLI(t) 5 PG j � 4 h 2 k�K_uy�1�p K 9B�_ I � + 	 y�@ y - �

� 9 - G � z �*Sk.0*SF � 0 � f�� � P � �x * � D�1� l Lyapunov� - h

; % U � �� ' 9 | l Lyapunov � - U � 9p ; % y � D � 4 h 2 k�K_uy*!�
2.7 0-1 �Q

n � [14,15] L Z K + # y � 4�Ky
 0-1 �E " !�;*!y r � � ^ k s j n �

[44,45] �K � # 3 � � ' > G W Gy � � 2 � x = x (t) > ) : � u w f SE(2) h � (exten-
sion) �

θ̇ = ω0 ,
ṗ = φ(x ) cos θ ,
q̇ = φ(x ) sin θ .

(11)Æ u φ(x ) � U j x y k T G
g - (y p �^ x y� K D0 � x1 �� h φ(x ) = x1) �A �

ω0 � k T . � K - �: � u w f SE(2) h � r � � 
 � ~ � Y F C v E r � �)f�` E k
f � |W � - 6 r � �Æ u 9G � � 9 | ��GZ n � [44,45] y K D 5 � �n � [44,45] � �3 + � p y C * C S l M

M(t) = lim
T →∞

1
T

Z T

0
[p(t+ s) − p(s)]2ds , (12)

� BU �

M(t) = K0t+ o(t) t → +∞ , (13)6 T > W Gy� ~ � Y s 9�K�� K0 = 0 �3�� K0 j . � K - �N N � 2 �� j h 2_u� p(t) h 8 �g� ∆p(t) h 8 �
 |∆p(t)| ≤ C (C j K - ) �j � 0 ≤ M(t) ≤ C2 ��� j �K V d � p(t) R; n h ��� x |∆p(t)| → t1/2 �Z e M(t) → t �~ Æ r � � ^ x �
Gottwald k Melbourne [14] 
 U K �1 j

K = lim
t→∞

lnM(t)
ln t

. (14)

	 g �s K = 0 �� � Y h 2 �s K = 1 �� � Y �K�Æ+*!9(�u z �*S�� - � xU j x (t) y � � 2 � 
 Z �@ 5 a 7 � 4�K�p9 5 L L � � y� ~ 6 
 + + $�I 9 � Lyapunov� - 0 F & a 9[�S��� 9 3 + �
 0-1 �E " !� j � q t y�K (p • C �K) v � �� 5 � 4 Q �K�
2.8 �xy℄�

1982 7 Binney l Spergel [12]
b  DH1 � � 2 � y8 u J .|�
 A G 0 | G � � &

� � ~ 6 s M �A G 0 | � ~ A � o x . � % j ] ey.y[ � �P ,� % j > ) K �0 |y K + $ � [40] �I � U ~ ) * � k � Y a J � ~ 6 K �y - �J N

[41,42] �A 7 k ~ Q n f

K Q n � � 2 � 0 | (xtY) ^ b �
K D k T y 6 0 I % j Z P �Q8 u J � - �S 
 ! j �D � v X D �  ��y
 � �

K D.0 I % j x(t) (t ∈ (−∞,+∞)) Z P l j � K D0 I T Z � j v X jy0 I % j�S I

5 � U Q8 u J � - �( p

x(t) =
1

2π

Z ∞

−∞
X(ω) expiωt dω , (15)
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X(ω) =

Z ∞

−∞
x(u) exp−iωu du . (16)Æ u i j . - o l �ω j A � �X(ω) P j x(t) y8 u J .|�I PG x(t) y A G �X(ω) �7 - �> P Z P xt @ y�4 A(ω) (P j x(t) y�4 G ) k � l � (ω) (P j x(t) y � l G ) �Æ u A G 0 | � � ) * Nyquist A � � 1/(2� ) (� j ^ F � � � C) 4 y�4k � l |0; V

d � Carpintero k Aguilar [13]
H � A b �4 G k � l G �� k k u k _u > ) 0 | y�b K

� G xty A G 0 | � j [ 00 I k 6 0 I % j > 3 � y h 2 _u � + 	 y�Z j 0 I k 60 I % j x(t) y A G � q v y � G �p b K � G k � 4�K_u G K 4 = �

[43] �Z j .0
I % j (� f �K_uk.0 I y.�K_u) x(t) y A G � � � 3 G �qY � V $ < � 5 ^

� �� G A G 
K T � 3 6 Z , 
 �H Z �
 � Y � �Ky�
Robutel k Laskar [41] � Laskar [42] � A G 0 | *!G � r � k � b + > G �� j l K V_u � � y � � % j x(t) �� 
 @ � K D 6 0 I g -

x(t) = a1eiν1t +
X

k

akei(k·ν)t , (17)

K ( i � . - o l �ν1 � � ^ Ej�4 a1 y4 A � �� � K ? f A DQy A � � � �k � KD� - � � �Laskar � � y : � ν1 y 9 ! p � �G K D " E A � ω k K D � � � C (0, T )�
� 9 ω � ^ y�4

aω =
1

2T

Z T

0
x(t)e−iωtχ(t)dt , (18)

K ( χ(t) � K D ` g - �W K h χ(t) = 1 + cos(πt/T ) �: � � |aω| itEj�y ωT �@ ^q � ν1 y A 5 �� Laskar l j �� j 6 0 I _u�q T → ∞ � �h ωT → ν1 �b Æ+*!
Z 3=xt > h A � �

^ 
 � D � � � C [0, T ] k [T, 2T ] �b x * *! ~ Æ � D � C 4 04xt ωT k ω2T �� j K V 6 0 I _u�q T BPj�^ ; h ωT = ω2T �Z e Z P 
 U

σ = 1 −
ω2T

ωT
(19)

j _u�K + y K D1��P j A � $ v �� Laskar % X b σ @ q 0 yS� k 3 � �Ky Q

t �Robutel k Laskar [41]
b A � $ v � G � � B E � j ) & � y A G 0 | k a J � ~ 6 �.Kh� [ 0 � h 2 �N�k�K [ o �

3 �^ 1 m I �? x > * � + ! 4�Ky*!F h K d b �� Poincaré 1 ' 5 �V ( � � ) * � ~ �

Y y a J 
 + + $�p K ^ b � j � � k - j 3 y � Y �_ r � k � Y y Lyapunov� - 5 &
a � � A _uE*0 q S��� 4 h 2 k�K_u 
 �KyS��p K � 9 i/j T 9 5 &
a h 2 _uy � 3 �K ? � D > 
*!� f J > Lyapunov � - 
 K G 0;�a 7 Lyapunov�1�, � < � �1�� � h � � � y Lyapunov�1|�S l Lyapunov� - h ; % U � �J



� 328 ������� R � o � 7 � ? ��������� 23 Q �> Lyapunov � - yk�V0j � � y C S H � Lyapunov � - �a 7 Lyapunov �1�9

� � h � 
 ,�yy  � [ y Lyapunov� - �, � < � �1 H � g K V B W _uZ � 9 �D Lyapunov � - � � h � 
 Gram-Schmidt � * yyI y �� � h � � � y Lyapunov �1
� � � A _uF= N h yEj h � � � y Lyapunov � - �H�B W p e�@ ! l Lyapunov� - � % m h � d v �_�p N h a 7 > ��K (f K � t �K) y 5 ~ �5 3i� ~ � Y y
 + � 3 s M �Æ u K 4 Q ��a 7 Lyapunov�1k , � < � �1 ~ [ 0 h 2 k�K* ' h

� 5 �_�� j �K_u�a 7 Lyapunov �1k , � < � �1� < � � � - .y��� j h

2 _u�a 7 Lyapunov �1k h � , � < � �1� < � � m - .y�t ! > G 3 + �p b '*S (8) y i * O ' U � 9j�0 � FLI k SALI �N � $ A 6 T � 
 � t| � �Æ b � ~ �

Y yF C v E r � � ph r 6 y�S � � , y.y ^ q l � S � � y � + .y h � 5 + �>

P �~ � b Æ � *! � �9 ^ ;�6 T K Er - ��� ^ U6 K .y
S � � - y{ � m -y�
 K * ' �� � h � � � y Lyapunov�1 Z j - G � z �*Sk.0*SF � 0 � f�
� � P � �> P 9 % X A b �e a �p b9 Q GZ.0*Sy0 | 3i � �0 � � b Æ � *!
H � q9, w �O E �u � 9 Lyapunov� - Z P A b � } <*!�� G Y � @ H 5 � � q6
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[51] Sándor Z, Érdi B, Efthymiopoulos C. Celest. Mech. Dyn. Astron., 2000, 78: 113
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Several Diagnostic Indexes for Orbital Chaos

WU Xin1,2, HUANG Tian-yi1

(1. Department of Astronomy, Nanjing University, Nanjing 210093, China; 2. Department of Physics, Nanchang

University, Nanchang 330047, China)

Abstract: In this paper we review in detail some methods for distinguishing between a regu-
lar orbit and a chaotic one in a Newtonian dynamical system, which contain Poincaré section,
Lyapunov exponents, local Lyapunov exponents and their spectral distributions, fast Lyapunov
exponent index, smaller alignment index, 0-1 test, frequency map analysis, and so on. In par-
ticular, merits, demerits and application of these diagnostic indexes are discussed. In principle,
these indexes from the Newtonian frame can also be applied to relativistic gravitational systems
in general. However, there may still exist some problems because they are not coordinate invari-
ant. As a result, it is vital to understand the behavior of a relativistic gravitational system by a
covariant way. For example, it is convenient to employ our way for the calculation of Lyapunov
exponents with gauge invariance by use of the “1+3” splitting of a curved spacetime and the
projected norm.

Key words: celestial mechanics; chaos; review; orbit; Lyapunov exponent; general relativity


