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� 1  ;nn��X) GPS B!SHC0O$�h�X�� 81��ag(6Z\W( GPS  J��=RGA RG��A!��RG�Y+℄0��W
;+(��ÆZ�W0��?ÆF�!W�+℄���"
;h�fZÆ+b��8�T3
BrDQ$W�_aH��YÆ%&i�23a$Wx_�x�H�Æ;�?��;�\\�$Wx_H�,N;�Æ)~wVm�p%ia�Ærv)�9&
�OÆ!�DQH�Æ|i�DQ)�Ya�H��Y26!z����Yt

Thomas �8 [1] �ag}Q�t��ag+(Æ��v�ag(
z�	e(��ag(��
$g$PÆ!Lk�x�}Q+WZ�	e(0��$W JTfm�RGf+℄W�4�
;+W�℄.�℄Z,M�	eV7	>~ag�YLÆ7�℄�#AQO�UhBh T *�\�+N V U��W+(*�ag(	e(��0t
| T = 0 Æ V ipOÆ;+(6�j	e(�| V = 0 Æ T ipOÆ;+(6�j�ag( [2] 
;+(!

Topex $W�W�$\4� [3] �!\W( GPS RG+℄�W%sÆ4Q�v�ag(��j	e(j�ag(Æzxy/�Axf)�j�ag(j	e(��
dDe 3 Q+(�Æv�}Q�WR+( —— GPS #�g0��W(Æz\ GPS A RGB+℄Lp	e�W
!�U	e(�3A�Æ|G`yRGBÆ-`Br�ag�oÆÆr�x�+.Æ�Lp�?0�
4�W�Æ)||��"I�Æ7y/Ax�B)�ag+(LÆ+b�?0�� GPS $W JWO=9m��>f (F�℄
�3ÆrÆ|FA!� IGS R��K) 
;��ZÆ;+(`y'r�n�Bh
&Æ(:A #�g(�o~�ag(��v�ag(A|�0� [4] 
#�g0��WÆ̀ \(:A ��!�(:A �Q�8T�n��'r
�kÆ�K�M�W( GPS A RGBÆ4� LEO$W0�W�Z\ LEO$W+℄Dgp4�&�Æ%)W( GPS 0��W|�H� GPS %Jgp4�p%*u�KgG04� LEO $WW�

2 �C"TID1P%�j�Y
2.1 �{�'Æm� t OG�\�Tf�

X(t) = (x y z δt N)T , (1)!LÆ x, y, z �;OG LEO $W J (p2) Æ δt �;OG LEO $WONÆ N �u'�n�Bh

GPS $W i *� j Z��A RG+Z�

Lij = rij + c · (∆ti − ∆tj) − ρion,ij + ρmul,ij + ρrel,ij + ρpco,ij + ρpcv,ij + λNi + εij , (2)!LÆ rij ��Z� j � GPS $W i � LEO $W���	e=T� c �Vp� ∆ti � ∆tj26� GPS $WON LEO $WON� ρion,ij ��TK�E� ρmul,ij  ρrel,ij 26�$q3M�A!wM�� ρpco,ij  ρpcv,ij 26�A LT=9A LT0f� Ni � GPS $W i �u'�n�Bh� λ �:VÆ εij �,M�E




� 82 ���������'�h�,�0������� 23 >��gKd�TK��EÆ!�(RG+Z+℄-�TKjgÆjgk�A RG+Z�
Lij,3 = rij + c · (∆ti − ∆tj) + ρrel,ij + ρpco,ij + ρpcv,ij + Bi,3 + εij,3 , (3)!LÆ Bi,3 =

c

f2
1 − f2

2

(f1 ·Ni,1 − f2 ·Ni,2) �-�TKjgk��n�BhÆ f1 � f2 26�
L1 � L2 D��sÆ N1 � N2 26�eC�sD��n�
�=4X�

ρij =
√

(xi − xj)2 + (yi − yj)2 + (zi − zj)2 + c · tj , (4)!LÆ i �*;Z�!℄~�� GPS $W� j �;p���Z�� tj �;Z��ON=9�
xi�yi�zi � GPS $W i �W�p2Æ��>f� xj�yj�zj � LEO $W*Z� j OG�p2
ÆrLÆ GPS $W`i�xb2℄ GPS A LT�A!wM��WONp%r_�=9
�OÆ�� IGS R�L2℄ GPS $W~ 15 min Ea}j0�WZÆ% CHAMP $W`i�Ax�B� 10 s Æ�kÆ`y! GPS $W0�WZ+℄�LÆ4YA()l6�L+(
\.n� LEO  Jp2 (x̂j , ŷj , ẑj) � LEO ONNÆB t̂j �n�Bh B̂i m�`VBÆF�Ær�~.n`V=TB�

ρ̂ij =
√

(xi − x̂j)2 + (yi − ŷj)2 + (zi − ẑj)2 + c · t̂j + E · B̂i , (5)6k�`h\W
f(xC, yC, zC, tC, B) = f(x̂C + ∆xC, ŷC + ∆yC, ẑC + ∆zC, t̂C + ∆tC, B̂ + ∆B) (6)+℄}Q�h/�Æ8U�

f(x̂C + ∆xC, ŷC + ∆yC, ẑC + ∆zC, t̂C + ∆tC, B̂ + ∆B)

= f(x̂C, ŷC, ẑC, t̂C, B̂) +
∂f(x̂C, ŷC, ẑC, t̂C, B̂)

∂x̂C
∆xC +

∂f(x̂C, ŷC, ẑC, t̂C, B̂)

∂ŷC
∆yC+

∂f(x̂C, ŷC, ẑC, t̂C, B̂)

∂ẑC
∆zC +

∂f(x̂C, ŷC, ẑC, t̂C, B̂)

∂t̂C
∆tC +

∂f(x̂C, ŷC, ẑC, t̂C, B̂)

∂B̂
∆B , (7)4YÆ:2 C t4 CHAMP $W
Rn
Æ:WL�:2 G t4 GPS $W
�}C GPS $W! LEO $W�RG�







∂f(x̂C, ŷC, ẑC, t̂C, B̂)

∂x̂C
= −

xG − x̂C

r̂
,

∂f(x̂C, ŷC, ẑC, t̂C, B̂)

∂ŷC
= −

yG − ŷC

r̂
,

∂f(x̂C, ŷC, ẑC, t̂C, B̂)

∂ẑC
= −

zG − ẑC

r̂
,

∂f(x̂C, ŷC, ẑC, t̂C, B̂)

∂t̂C
= c ,

∂f(x̂C, ŷC, ẑC, t̂C, B̂)

∂B̂
= E .



� 1  ;nn��X) GPS B!SHC0O$�h�X�� 83�!LÆ	e=T r̂ =
√

(xG − x̂C)2 + (yG − ŷC)2 + (zG − ẑC)2 
�t (5) W�
ρo = ρc −

1

r̂
[(xG − x̂C)∆xC + (yG − ŷC)∆yC + (zG − ẑC)∆zC] + c · ∆tC + E · ∆B , (8)WLÆ ρo ZRGB� ρc ZÆrB� E Z8h86Æ!�o� 0 � 1 � ∆B � LC jgk�n�=9h
*#�g�WLÆ��DZ�� JZAq�`�Æ�kÆ!+Z8h86)��pÆWyI�RG+Z8h86(+Z8h86
uNBh�

X = (∆x1 ∆y1 ∆z1 c · ∆t1 . . . ∆xn ∆yn ∆zn c · ∆tn

B(1)1 . . . B(k)1 . . . B(1)28 . . . B(k)28)
T , (9)!LÆ n �;p��Z�ChÆ k 4X�C GPS $W*;p����n�Ch
B�Y��ZÆ4Y�;�ON=9f c · ∆t m��>BhÆ%/�ON ∆t m��>BhÆ,�8h86L c �!y8hAN~pÆ�.Fph�^�Lh [5] 
l�ÆBh' ∆t ℄LÆ{��" 1N�sPip�1N
?�0f2�370f7?0fÆ1N+Z (8) F+}>4X�

∆ρ = ρo − ρc = AlX l + AgXg = (Al Ag)

(

X l

Xg

)

= H∆x , (10)WLÆ:2 l � g 264X7?37Æ A � H 264X8h86Æ X l(xj , yj, zj , ∆tj) �p2=9ON0fÆX g(Bk) �-�TKjgk��n�Bh
z��8h86ipÆ;�!+ZA!/'Æ%)&Ær���ni�yhky/ÆÆrp�|izÆ�k`y!8h86+℄2I#r

(10) W�8h86F+}>4X�vOCi(x, y, z, δt) 	o� N

(
∑n

i=1 n × ki) × 4n (
∑n

i=1 n × ki) × n

H =
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0 (AM2)
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. . . 0

0 . . . 0 (AMn
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︷ ︸︸ ︷











A11 A12 . . . A1k

A21 A22 . . . A2k

...
...

...
...

An1 An2 . . . Ank

























, (11)

WLÆAij �-�TKjgk��n�8hÆ|z� 1 OÆ4X;Z�L!℄~� GPS $WVb�|z� 0 OÆ4X;Z�L|�!℄~� GPS $WVb
 (AMj
) �� j CZ�xRG
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AMj

=

kj×4
︷ ︸︸ ︷













−
xj − x1

ρC1
−

yj − y1

ρC1
−

zj − z1

ρC1
1

−
xj − x2

ρC2
−

yj − y2

ρC2
−

zj − z2

ρC2
1

...
...

...
...

−
xj − xkj

ρCkj

−
yj − ykj

ρCkj

−
zj − zkj

ρCkj

1














. (12)

LEO $W�p2`VB��=�sA B��=RGB+℄xÆ� EaÆ�OÆ�℄xÆ� F��0OBh�`VB
F:�NUwÆ(+Z�
N∆x + W = 0 , (13)!Bh'�

∆x = −N
−1

W = (HT
PH)−1

H
T
P∆ρ , (14)!LÆN �(+Z8h86ÆW � O-C DNÆH �RG+Z8h86Æ P �RG`i�2R
*:��23LÆRG`i'\��2


N = H
T
H =

(

W 11 W 12

W 21 W 22

)

=































Θ 0 . . . 0

0 Θ
. . .

...
...

. . .
. . . 0

0 . . . 0 Θ



















Θ Θ . . . Θ

Θ Θ . . . Θ
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...

...
...

Θ Θ . . . Θ



















Θ Θ . . . Θ

Θ Θ . . . Θ

...
...

...
...

Θ Θ . . . Θ



















Θ 0 . . . 0

0 Θ
. . .

...
...

. . .
. . . 0

0 . . . 0 Θ































, (15)

WLÆ Θ 4X/k?2Æ!�?� 0 
*W!��DÆ!��W 11 �lD�?2� LEO $Wp2OBh!��8hÆ Θ �� 4× 4 86�!��W 22 ��:�?2��n�!�8h86��D�l:�?2Z!X�Æ�AQ?2
��ONBhp2Bh�b��3�`�7?0fÆ+�*/N#�g(�W+Z8h86 (� 1(a)) L�ONBhp2Bhm�}?2 (7?0f) Æ�n�Bhm�l}?2 (�370f) 
m� 1 F�AaÆ8h$L (a) )&? [6] xLY�(+Z8h86 (b) (�p2=9ON2Ye?2BhÆ6$gONBhp2Bh�PAQ?2) $L�xÆÆrf|GÆ+%�GgÆr1N�P�Æ,�gON�p2=9f���PAQ?2
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� 1 �),[9i97%M* �A��(+Z8h86UhF6�
(

A
T
l PAl A

T
l PAg

A
T
g PAl A

T
g PAg

)

,

(

A
T
l P∆ρ

A
T
g P∆ρ

)

. (16)!�}
�RG`iÆ*�2,N:Æ(+Z8h$L�
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.
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.

.
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. . . 0

N
′

28(20)1 N
′

28(20)2 . . . N
′

28(20)n 0 . . . 0 N28(20)nn






























, (17)

!LÆ N (ki)(ki) �}C 1 × 1 �86Æ N i(ki) � 4 × 1 �86Æ Nki(i) � 1 × 4 �86ÆN ii � 4× 4 �9�86Æ:2 20 Z~C GPS $W}
���n�'rCh
4x6F�862I#r�+(+℄'r
!�4Rh:ÆF�Br GIVEN 9�0x�$�9p(�+(+℄'r
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N 11 0 . . . 0 N 1g

0 N 22
. . .

... N 2g

...
. . .

. . . 0
...

0 . . . 0 Nnn Nng

N g1 N g2 . . . N gn N gg













,












L1g

L2g

...

Lng

Lgg












. (18)!�4R86�#rÆ^;�z2IÆ6kA3fW�?mK1(Æ�lKdkk}℄�
Ng1 ÆN g2 Æ . . .ÆN gn Ækk(+Z8h86ZtYs�I$L�D��86Æ\W=:�













N 11 0 . . . 0 N 1g

0 N 22
. . .

... N 2g

...
. . .

. . . 0
...

0 . . . 0 Nnn Nng

0 0 . . . 0 N
′

gg













,












L1g

L2g

...

Lng

L
′

gg












, (19)!LÆ
N

′

gg = Ngg − NgnN
−1
nnNng − Ng(n−1)N

−1
(n−1)(n−1)N (n−1)g − . . . − NglN

−1
11 N lg , (20)

L
′

gg = Lgg − N gnN
−1
nnLng − Ng(n−1)N

−1
(n−1)(n−1)L(n−1)g − . . . − N glN

−1
11 Llg . (21)2D��0tkÆN

′

gg }�4=�!X/9�86ÆF3fW�?mK1('r�n�Bh

2.2 LEO �"�w��	yÆm/NA RG+ZF�AaÆ/N+ZL_��TK�$q3�A!wA LT=9�$Q1N�E (�� LEO $W}�* 200 km �DÆx�:�;_!nK��E) 
!�4N1NÆ26\�:+�fU�

(1) �TK=9Æ-�TKjgKd�
(2) $q3M�=9Æ!� LEO$WÆ$q3M�4=�?�V7Æ)�EiLÆF��s+(u1�
(3) A!wM�=9Æ O$WO�s��
.	aT	$�Vbh9�	er_ (	ar_) =9 [7] 
!L��	$�=T�N�

∆Drel = −
2
√

GMa

c
e · sin E , � ∆Drel = −

2r · ṙ

c
= −

2(x · ẋ + y · ẏ + z · ż)

c
, (22)!LÆ GM �
.	aUh� c �Vp� a � LEO $WW��VUÆ e �$WW���TsÆ E ��.Æ�� r  ṙ 26� LEO $W*�OG� Jp�
!� CHAMP$W%sÆ ∆Drel = −1.2126 sinE m ÆA!wM��EpL (	ar_=9}�;Br) �

[−1.2126, 1.2126]Æ% GPS $W�A!wM�Fo 15 m LI 20 � m 
�kF�ÆA!wM���E;Fmv
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(4) A LT=9ÆF: CHAMP$W*WP8L�A =9hÆr~OGz*
P8L�A LT=9
!� CHAMP $WÆ�eCWP8 GPS 
��W
� (GPS PDO-Antenna Main) �&
� (GPS PDO-Antenna Reserve) 
z��A LT�NB26�

δ1 =






−1.4880

0.0

−0.3928




 , δ2 =






−1.7389

0.0

−0.2606




 . (23)� 2 ZA LT=9ZxX��


CHAMP $W�A LT�NZA!�WPp28�Æ=\*
P8L�WÆ-+b2℄DeZx�=\*U^8L�WÆ-A!�WP8Zx~U^8�F
 � 2 �B!MU>:Y��
3 �
K�p\F:De23ÆW( GPS A RGB/N#�g�W+(�nZ=� 3 xX
!<�Fm>V=:�

(1) �0 GPS 0�WZONV7ÆF��
� IGS 3Ær�~Æ|F�A!� IGS R��K�
(2) +℄A LT�A!wM�p%r_�=9Æ7�LY LEO $WA�Ax�BÆEa?0���� LEO RG`iA�Ax�B� GPS W�ON�
(3) �0 LEO $WRG`iÆ7+℄ GPS RG`i�fUÆ O{B�d�T��G�_9��n�`V'��
(4) ! LEO `i+℄A LT�A!wM��=9ÆEa=9k�A RG`i�
(5) \ LEO $W�=Ea LEO $W`Vp2ONV7�
(6) \ GPS $WW�� LEO $W`Vp2ONV7ÆrUwB�

ρc =
√

(xG − xC)2 + (yG − yC)2 + (zG − zC)2 + c · tC + E · B ;

(7) \=9k�A RGBÆrBÆÆrDN� ∆ρ = ρo − ρc �
(8) ��2Ær1N+Z8h86Æ7(t�
(9) ��8h86i�pÆ�(tk�1N+Z8h86D��t�
(10) Ær�n�Bh�
(11) zt/'p2=9fONV7�
(12) p2OV7GRkÆR9 (6)∼(11) ÆA~℄d$g�
(13) \ O-C DN+}>�GD�T�7_9ÆRR+℄Bh'r�
(14) Ea LEO $WW�0�V7
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� 3 �X) GPS B!0O$�h�X)o[�
4 �t_45F:De#�g�WUw���Æ(&! 2001 � 7 ! 16 ;� CHAMP $WW�+℄g�WÆ!L`iAx�B� 10 s 




� 1  ;nn��X) GPS B!SHC0O$�h�X�� 89�
(1) Ærx��
P8Lp2��7g0�+�\e�-Q�Z��}
RG`iÆ4�g CHAMP $W*
P8L�W�p2 (=� 4) 


� 4 CHAMP %Xq3� 5 � 6 26� O-C DN2<~CZ�OG��7g0� RMS 
m�F�AaÆW��7g0�* 10 cm l�
|6Æ�7g0�?7;�l��W0�?ÆzGl�W��tZ℄d�Ævy�℄�7g0���jf�W0�


� 5 O-C EO3= � 6 ��8h1� RMS

(2) `i\s+�\e�-Q� GPS �fUZ!`i+℄gfU
#�g�W! GPS $W`i��`y/ (~CZ�IG!℄ 5 C GPS $W`i) ÆU�!`i\spp�	
� 7 Z�



� 90 ���������'�h�,�0������� 23 >�fU&k~C GPS $W`i�\Ch)^
�LÆ A 4X�V`iCh� B 4X\
Blewitt +(T��GfUk�`iCh� C 4X\(ZeCT��GÆ� [8] fUk�`iCh�D4X B`i2 A�)^ (70%∼80%)�E4X C`i2 A�)^ (60%∼70%)�
F 4X C `i2 B �)^ (90% l�) 
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Discussion on the Kinematic Orbit Determination by the

Onboard GPS Zero-Differential Phase Observations
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Abstract: Based on the geometric, dynamic and reduced dynamic precise orbit determination

(POD), a kinematic POD by the onboard GPS zero-differential phase observations was discussed

and programmed. It applies the observations of GPS receive onboard LEO (Low Earth Orbit)

and the precise GPS ephemeris of IGS rather than the complicated dynamic models and ground

observations. It is simple and convenient in computation, rapid and precise in orbit determination

and could provide estimations of some dynamic parameters too. However, it is unable to predict

the orbit. The coefficient matrix of the normal equation is very huge and so in its reverse it

is divided into sub-matrixes and then is transformed into upper-triangular. As an example of

application of this new method the CHAMP data are analyzed in order to estimate the precision

of POD.

Key words: celestial mechanics; onboard GPS; phase measurement; zero-differential; kinematic

POD


