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2 ���wJ{�&2|
2.1 ��W9 (point-lens)<0a�M8EV�;�j�2Aynn (�z 1) Mt� z !C�/�Zx b 
��CJ��hmM8z�!j�y���z=u��yÆ����OO[mSX(M8��OOy2�M�yb^&� g⊥ �

g⊥ =
GMb

(b2 + z2)3/2
, (1)[m M �uHdj��hM�b^&�y�&Y+ v⊥ =
∫

g⊥dt =
∫

g⊥dz/c = 2GM/bc f�xuOO,
α = v⊥/c =

2GM

bc2
(J��h) , (2)�CP	;��nn- α 'l 2 ![,k+�

α = v⊥/c =
4GM

bc2
(P	;��) . (3)

{ 1 �N9mW0�[y� b z�k� M #H�zPP [4], 1 ���M8EVXx��WR*aR*~)6"RG�yOO, α �f�`X α��iF�,1���� 1 �$8%Tl� gf_(f_Z�5Q�Fw3 α [4]l /M⊙ mG /pc α/(′′)Yy 1 10−7 1	XT, 1011 104 1	XT,� 1014 105 100

2.2 �ktW9 (extended lenses)�%j�&8� ρ(x, y, z) y��uH %uHdu5yZx��JBQuuHyZx88l%uHdyl�R�uHdf�"7���S*P\�S*AJ�R"��



� 58 �������h���i�>�J������� 23 \��M� uHj�&8G�yJ�0 Ψ ℄���z 2 oz��M8t� z v`2�	 ξ�s�*�y��'�uHdj�*)�&8� ∑

(ξ) =
∫

ρdz [G�yb^ z vy��M��
v(ξ) = 2∇ξ

∫

Ψdz/c , (4)[m∇ξ 2s�S*�y��a�� 2G2P	;��y1S��	s�0 Ψ(ξ) =
∫

ΨdzG Ψ(ξ) oz!
��5L!T ∇2
Ψ(ξ) = 4πG

∑

(ξ) �eM8EVuHdG�y��yOO,fLQ
α(ξ) =

2

c2
∇ξΨ(ξ) =

4G

c2

∫

(ξ − ξ′)
∑

(ξ′)

|ξ − ξ′|2
d2ξ . (5)

{ 2 ���vIzÆe-�{ [4]hd�(5�uHd�JBQyd�f℄����uH�y�f��z 2 R,�;gdZJBQ Ds uHdCxJBQ Dd ^�uHd'5yZx� Dds � % Ds �
Dd �� Dds 88l%uHdyl�3uHdf�`Æ��S*��S#!��uHJBQ`$h5�XyM' z vy�,� β �p %��uH(M8���OO (OO,� α) R"JBQ`$h5�XyM' z vy�,� θ � ξ = Ddθ �`x{�y2 %a��"j�w Ds 6= Dd + Dds �$�M8yOO,�iF� α � θ � β �8F% 1 G���nydI*fx

β = θ −
Dds

Ds
α , (6)RR2M8�L (ray-trace) !T��%�;>�y β  θ fDz!�;5��S5b^CuHdyXm! (β = 0) kuHd2v�Py?"G�y�'z2�;wP� Einstein w (�z 3) ��%)�&8�}�pyuHd[��OO,f�u���Y+ α =

4GM(θ)

c2Ddθ
M8�L!TG�
β(θ) = θ −

Dds

DsDd

4GM(θ)

c2θ
= θ −

Mθ

π(Ddθ)2
∑

crit

, (7)
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crit �	�
∑

crit

≡
c2

4πG

Ds

DdDds
= 1.68 × 103 M⊙ · pc−2

(

D

1 Gpc

)−1

, (8)+m D ≡
DdDds

Ds
�!HZx�r β = 0 "�;}�p&8G�y Einstein wy θE �

θE =

[

4GM(θE)

c2

Dds

DsDd

]1/2

= 4π
σ2

v

c2

(

Dds

Ds

)

≈ 1.15′′
(

σv

200 km/s

)2 (
Dds

Ds

)

.
(9)[m σv ���M�(���elj��3R*y Einstein wy θE �lfk; 2′′ �Fj��3R*ae}R*y

Einstein wy θE F% 0.5′′ �
2.3 �P.k� (arrival time delay)��	 Ψ

′ ≡
2

c2

Dds

Ds
Ψ  (5) � (6)+fx

∇θ

[

1

2
(θ − β)2 − Ψ

′

]

≡ ∇θΦ = 0 , (10) { 3 Einstein xz-�{RR2% (Fermat) 0z[m Φ ���uHy% 0�[#z�	����uHG�y�DjC% Φ �`�y�f�% 0zf4LQ-*A�%z5yY+�
∇θt(θ) = ∇θ

{

(1 + zd)

c

DdDs

Dds

[

1

2
(θ − β)2 − Ψ

′

]}

= ∇θ(tgeom + tgrav) = 0 , (11)[m zd 2uHdRC�fyk� tgeom 2 uHdG�yd"�qU tgrav � P	;���℄y"�qU�% 0z,3�DjC%"�qU�F`y�f�
2.4 �*<'/J (convergence and shear)*5lVuHdG�y�z��KwRpKwf�lV Jacobian SUr-��

A−1
ij ≡

∂θi

∂βj
=

(

δij −
2

c2

DdsDd

Ds
Ψij

)

∝

(

∂2
Φ

∂θi∂θj

)

, (12)R~ Ψij 2s�0yj��0	& δij � delta ℄D��&.�	zTa h>�� k �
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γ(γ1, γ2) G

k ≡

∑

(θ)
∑

crit

=
1

2
∇2

θΨ ,

γ1(θ) =
1

2
(Ψ11 − Ψ22) ≡ γ(θ) cos 2φ ,

γ2(θ) = Ψ12 = Ψ21 ≡ γ(θ) sin 2φ ,

(13)[m φ �!C,�SU A
−1 lLf�LQ

A
−1 =

(

1 − k − γ1 −γ2

−γ2 1 − k + γ1

)

= (1 − k)

(

1 0

0 1

)

− γ

(

cos 2φ sin 2φ

sin 2φ − cos 2φ

)

. (14)��uHy#l� µ f� Jacobian SUy[�+r,,�
µ =

S

S0
= det(A) =

(

(1 − k)2 − γ2
1 − γ2

2

)−1
, (15)[m S � S0 &.��a5y��� ef$ A

−1 ��;&m k yÆ�2(5"=Co^�#l (�PF) ��;&m γ yÆ�2'=C�^�uRQ�m (�z 4) ���uH6z4*5y,*Æ�p %�"#l� µ > 1 R��`℄r'5AÆ�?J0$.�yjR�R*lV��uHH�Rf�"HÆ=�"JBu�

{ 4 �+6z{Ub!iv-{ [2]/%�% 0 Φ �\�I%�yR!Q(��%�;>�y β  Φ �`y�f℄���y�f�Φ y�0	&f>X JacobianSU A
−1 C"�qUS*�y[��C Φ �0tD��y�f�S A

−1 
)y._��XG Φ CS*�S2XC��we det(A) > 0k tr(A) > 0 YQX�y���S A
−1 
)y._��1G Φ S2XC-�we

det(A) > 0 k tr(A) < 0 YQX�y���S A
−1 
)y._6oG Φ R!�;H�

(saddle)  det(A) < 0 YQs�y��
2.5 �2OLb'C4Lb (caustics and critical curves)�S��uHy#l� µ C�d�!�!5G�;5zG��;���;5|G��q�(( A

−1 C9;�!��~R2! 5y#l��C�S*�!
 det(A−1) = 0



� 1 Z 0�R~���vIz�%1{	NoO>J 61�yw8P��6w8Us&�My�G�yt,��6w8C5S*�y��w8��*�w8�z 5 Æ��;�n��F3�*�w8a�6w8�C5S*�'B;uJ�Yy*�w8��y2�S*��*y�6w8��;*�w8��%~*y�6w8�5S*��d�C*�w82Ay��!i8y#l���S5_V*�w8G!My"f�Kwy�G����uHyÆ�2����0CB;t,G�My���;t,y�GChC�"f�Kw�
(a) (b){ 5 �6D��1 Ψ =

1

2
ln(a2 + x

2 + Qy
2) ��.ZRzA [4]

(a) 7U,|+�x:
7�g� (b) BU,���|�7x:
B

3 ���wJ{�&��
3.1 �InAW9

k a γ �/A% 1 y��uH"PÆfuHU&G��q�k�"f��Kw�fuH2Ey| �-
pnnG��5aJBQ�8�%R*~ymOt,��%R*y`B;t,�f��uHy#l�il[.fyHÆH�f�%nN.8�.�y FR*� Ellisa Santos [5] C 2001 FlVJB�2R*~ Abell 2218 mjC�;X!~�k�y�q�*q[m�;�%k� z = 5.56 ^y�R* (baby galaxy) "3R*~#l� 33 !�� ��uHR;R*�((� HST y��XM~iA"�2���fuHlV$�h!�yDB�R*�R*~yj����ny6W����
Einstein w θE BS_,*j�)�}%�6,*j�)�h�y^jxu θE yG�`�Bxu Dd GuHj�f,,� M(θE) = π(DdθE)2

∑

crit ��%v�PuHRp�n6Wxuy1S &f��(2�P^.EyuHRp6W~Dxui^yj�G��lVfuHB�"�qUyf�~�Y4LD� Refsdal [6] �2 % tgeom <'`2Zx!I�`2Zx$� H−1
0 �V��hP	;��mx[ tgrav ~� H−1

0 �V�R�"�qUX'% H−1
0 ��%�d��uH*qH0t(θ) '*qyd!IeB�"�qUf��xY4LD [6,7] ���&& QSO 0957+561yMh [6,7] a�
 [8,9] MY [10∼12] �BDVfx["�qU&.� (1.48 ± 0.03) yr [13] a 1.14 yr [9,14,15] �1f VLBI yJB1



� 62 �������h���i�>�J������� 23 \�S [16]  Grogin a Narayan [17] >X�Y4LD
H0 = (82 ± 6)(1 − k)

(

t

1.14 yr

)−1

km · s−1 · Mpc−1 . (16) % k 6fD�1R�r t = 1.14 yr"H0 < 88 km · s−1 ·Mpc−1 �R'WMAP (Wilkinson

Microwave Anisotropy Probe) y�MJBDV H0 = (71 ± 4.1) km · s−1 · Mpc−1 ;.���uHRYQy�2 OO,℄�y�'uHd��0y�0	&!I��3uHd)�&8yFV�1F627p2'#l�!IyzT� h>� k a γ }�FV�1F &27�U&2 ��0y�0	&℄�y�e����uHyR�^jf��R*y1F (_.2�Ay�1F) =[nN�w�#j (CDM) 6W/r�lj�R*m�jCl�y�1Fpd;JBuy�1F8�%z�`� Dalal a Kochanek [18] bX�%�nuH��-RxuyI�*q[JBaz�/ry��`6o�Rp6o6D ':�R�#j��r55 [19] U����!l��1FjC' CDM 6W�e�=�:yBÆf[��xu'JB;.y��|rR*Am�1Fy�j���R*�j�y�&\ [20,21] �
3.2 �NnAW9
3.2.1 �����~|{��R�y���uH2b k a γ 8F% 1 �R*~G�y��uH2E����uH6

{ 6 ��K6mWvI��nZRz�4ZA [4]

(a) ��"j℄e (�|) ℄o (/|) |T,B� (b) nXvK�v(9.}Y|��Lx
E$#ÆxK$��v|BÆ�E��uÆ�nX"j��o�B|�ÆO:<"DQ�




� 1 Z 0�R~���vIz�%1{	NoO>J 63�zG��q�[KwT�~$LF;��#l� µ ≈ 1 + 2k �z 6 >X��J��&8yR*lV�uHÆ�l	KwYQy�J�3Y�Rpl	Kwf�lVuJ�u&8-�r=[GN�
(

e1

e2

)

=
1

I11 + I22

(

I11 − I22

2I12

)

, (17)[m ei(i = 1, 2) �OO� Iij(i = 1, 2; j = 1, 2) ,,�S*�%;R*M�&8℄D
f(x1, x2) y�0S ∫

f(x1, x2)xixjdx1dx2 ��S#!�uHR*y&8Cz��2�[y�lVJBxu"Kwy�y&8nn'.
Q\�yE.f�x[(R*�G�RpKwy�uHy^j��oKwy�"~�\m-�:R2�d'Kwy�yQ(�����uHyQ(�C���uHnNm6o)6k%��6o!�r^zp[&&y�$0G;o�� ���uH�d�R*~Rxyj�G� [22∼26] '�h!�a X �8!�Rxuy1Sp�e [27] �
3.2.2 ���}� (cosmic shear) |{��AFrO�{F;� (panoramic camera) y�IlgtlgBÆ~x��lQCR�nN)wlV�1FbD�i^yk%�[m)w h~Q�nNlV�1Fy!H;�\��)w hR2t�JBQ78!C� )wlV�1F�8ZR*RG�y��uH2E�Uby2MCj�6_?&8yid2A`2"R��yOOnn[1SFQ8ZR*�yKw�eKwyq�^j���lV�1Fyq�^j���g\Bu)w hQ_2C 2000Fyd� [28∼31] <R�2E�CnN)w#j&8��)w>�!*℄�y|Æ��R*YQ6W,3R*y&8zs%lV���Jy!C�&&lV�uH2Ey��:R2B�R*yY��� hy
�;I℄Dz&&R*yY��

ξ±(θ) = 〈γt(xi)γt(xj)〉 ± 〈γr(xi)γr(xj)〉 , (18)[m θ = |xi − xj | 2
;R*�y,Zx γt a γr 2
;R*�8hCa3�8} 45◦!C�y h�Rp!�f�^/��JBDV>XuHdy!IQ(�6�t%lg�syd^j�[Ty
�;Iq��2lVgy4rya℄D (window function) �;I℄D�&�xy�JBQ_&�
;;& [32] � e�y E 6a� hJe�27y B 6 (�z 7) � %��uHG�%��Je�&)�xu e�y
E 6�� B 6Gf�%B�*qy�E` (�pB�yR*U�) �I%h h;I℄Dm&5
E � B 6y!�f=$�3 [33] �%��)wlV�1FG�y�Kw$LF[-�C�&\��-eR*Y�yJB1SD�uHQ(bD�piAyG��	^yDVQ(G|rl�yR*JB�e{F { 7 E � B 7-�{ [34]



� 64 �������h���i�>�J������� 23 \�;�xu�P y���h�Wy)w hlgd;�!i�yJB1�=$, 2�, 32�r)w hlg�s� � 2 ��H�py0KiV�9K / mj j v O��7 σ8
1) ?b�4

/ U"�
CTIO 2) 1.0 R ≤ 26 [30]

CFHT 3) 1.7 [43]

CFHT 0.96 I ≤ 24, V ≤ 25 [28]

WHT 4) 0.5 R ≤ 26 1.50+0.5
−0.5 [27]

VLT 5) 0.65 I ≤ 24.5 1.03+0.0
−0.0 [44]

HST/WFPC2 6) 0.05 I ≤ 26 0.91+0.2
−0.3 [45]

CFHT 6.5 I ≤ 24.5 0.88+0.0
−0.0 [46]

HST/STIS 7) 0.02 [47]

CFHT, CTIO 24 R ≤ 24 0.81+0.0
−0.0 [48]

CFHT 8.5 I ≤ 24.5 0.98+0.0
−0.0 [49]

HST/WFPC2 0.36 〈I〉 ≈ 23.5 0.94+0.1
−0.1 [50]

WHT, CTIO 1.6 R ≤ 26 0.97+0.1
−0.0 [51]

CFHT, CTIO 53 R ≤ 24 0.86+0.0
−0.0 [52]

MPG/ESO 1.25 R ≤ 25 0.72+0.0
−0.0 [53]

Subaru 2.1 R ≤ 26 0.69+0.1
−0.1 [54]

CTIO 75 R ≤ 23 0.71+0.0
−0.0 [55]

CFHTLS 8) 28 [56]|� 1) σ8 ���E 8 Mpc C|%l(9|lQF�V�& Ωm = 0.3 � ΩΛ = 0.7 | ΛCDM 8X� 2) Cerro Tololo Inter-American Observatory � 3) The Canada-France-Hawaii Telescope �
4) William Herschel Telescope � 5) The Very Large Telescope � 6) Wild Field and Planetary

Camera 2 �7) The Space Telescope Imaging Spectrograph �8) Canada-France-Hawaii Telescope

Legacy Survey 
 � 3 �\>�py0KiV�9K / mj �, / jk _ M 8 K j v _*H) ?b�4
/m / U"� / U"�

VST 1) �, 2.6 1 �� 2004 [57]

VISTA 2) �, 4 2 10000 2007 [58]

Pan-STARRS 3) �, 4 × 1.8 4 × 4 31000 2008 [59]

LSST 4) �, 8.4 7 30000 2012 [60,61]

SNAP 5) k� 2 0.7 300 2011 [62]|� 1) VLT Survey Telescope � 2) Visible & Infrared Survey Telescope for Astronomy � 3)

The Panoramic Survey Telescope & Rapid Response System � 4) The Large Synoptic Survey

Telescope � 5) The Supernova/Acceleration Probe 




� 1 Z 0�R~���vIz�%1{	NoO>J 65��SR*#!*qKwz���^/>X OuHQ_�p%��!i�JBH��z�>R*yY���7I�z(�6r�*3z#�uHQ_���(7IH�#u�FuHlga|!	^yQ�k%��q�℄D (point spread function �P PSF) ~6z2�;3YUy=C�^te�R*Y�y;IM�G�;JyuHQ_�;�M�*q~z(�G�KwpRf=�gdB�!�r=[`X���)w hnN#j&8y<y2BX#jC�W�hz��(#jC�WyQCB�f���#jy^jÆ=�:y;B� %JBQ_'#jC�W^/;IRpnN�#jy!�'[T!�AX!�0�BQ
�;Iq�2���Bxy�R�l�D)w hz�2&�C
�;Iq��\�y (=$�3 [33]) ��2lV��yuH2Ed;6VF"�)w hB�'	3 F,� (CMB)DV;1f�E�)w>�y5hÆX�yXyE3���')w hlg' WMAP 1S;1ff�)w>�=[f5hRp!�Rxy1SD'�lk�lg�sRxy1S;r�dA^_.2C�#j)� Ωm a σ8 y~�� RCS (Red-Sequence Cluster Survey) �uHB�' CMB DV$L/A (�z 8) �

{ 8 RCS b CMB � Ωm b σ8 z6i [35]f|-5� CMB (��ÆxKD�<4h3!(#I|�Æ�V'?Y|4U�q_
6Q VIRMOS-DESCART lg1,[1S' RCS B�y1SA^ [34] �<ylgD>X'R*�Y�;IyQ(�rylg'9z\B[lFy*u�;mFCFHTlgR/6yt,'z2 VIRMOS-DESCART lgy 10 !�k[T�8H~C=[�Jlg� Subaru�uHlg}���CL�e)w hlgy(Ci�!*��4=��<�6m[ PSF `X�?2+D~pU�3f��r^z;Iydh��5k�&8yB�fDyjC�J�6VMylg�sRbDyQ(z)�R�6~�^_.2 CFHT '>XD�� 1% �A^y$8^C�W�
3.3 �[W9	uH2E2 F�ygdG�yuH2E� %M�#l�62ilUiA"JBu[5�lL2��&\�	uH2JB�yM�*ufxuÆ�[idy^j�



� 66 �������h���i�>�J������� 23 \�lVnN	uHyX2�a_Vf�GN�idD<�j����;	uHlgJB)%
1993F�!I	uHy^j���ry��f=$�3 [36]$��	uHÆ��n-��2��uH6WrF3	uH2E�ruHt�uHaJBQ�8;b^!C?M�
(z 9(b) myjO3) "�yM�z0�B)�z 9(a) R,�z 9(b) m._� × �,,uHy�f3�~2uHy*�w8b8�;�y�6w8�

{ 9 �
vI-�{ [4]	��uH2Ef(5yM�#lX!;�8M�#l!D (Amax ;l% 10)y	uH2EA4�%[R\B [25,26] � Amax ≈ 10y	uHf�%\BX!;Rj�y[R�Amax ≈ 50y	uHf\BuaZ�Rj�;ry[R� 2000 F� 2001 F Alcock }� [37] � Derue}� [38] � Udalski }� [39] a Bond }� [40] �Qylg~�\Bu 1000 �;	��uH2E6VU&^l�Dy#l�62il�[m MACHO 98-BLG-35G�� Amax ≈ 80 yuH2ER�Z33gd Einstein w2AjCX!�pj�y[RbD�ZV0hJB�MZ�R�2E 3gdt��alReyfD^ [40,42] �
Bond }� [42] >X�Rz�;t,�CM�#l!D*`^ I 3�M�;� 15 mag 

Amax &.� 50 � 100a 200j�;��pj�y[R�� 0.3 M⊙ gde}G�y	uHS*�yt, (z 10) �lL\B"��9� (−0.5 tFWHM, 0.5 tFWHM) �W`� 10∼30 h �[m tFWHM = 3.5tE/Amax �	uHM*w8��ly{m (the full-width at half-maximum

of the micolensing light curve) � tE 2uHd_V Einstein wy"� 	uHj���uHd;�%5y�M�℄��z 10 ,3 tFWHM �9B;�8M�#l!Dy	uH2Es�CuHS*�f\BuX!�pj�[Ryt,;2 0.7∼1.5rE � 1.3∼2.9 AU [m
rE � Einstien w θE CuHS*�y�L��%j�l%Z�Ry[R�[r Amax ≥ 100



� 1 Z 0�R~���vIz�%1{	NoO>J 67�"[f\Buyt,'NV Einstein wyt,��j�';RE6�ly[RpC�d�!�D\Bu�

{ 10 Amax '/� 50 � 100 b 200 #Æg℄CvY"�qk�\S�k�< 0.3 M⊙hef~z
vIT+�zu- [42]\o�rE |	Xa= 1.9 AU�xKE�+,o|�g� (0, u0)�u0 ≈ 1/Amax �N�?E (impact parameter) 
	U℄T|t��gE|oS.v.C�\E tFWHM �:CnX�xK|G�8`#^Dw|hE_� 99% �#^Dw|v.-_MG& 1 mas 

4 �3�C�+��uHh�2u2C6V Fy"�pU}�\Q)wbD��p_>y!��f��uH.ly#l�(�&x�JBu.8y�gd����uHf��r\BR*aR*~yj�&8�	��uHf��5jR�gdyj�&8nn�1f2Cylg�sXC�Iy)w hnN'(�&�)w!=�:y�&��=℄`�
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Gravitational Lensing and its Applications

FU Li-ping1, SHU Cheng-gang1,2

(1. Joint Center for Astrophysics, Shanghai Normal University, Shanghai 200234, China; 2. Shanghai Astronomi-

cal Observatory, Chinese Academy of Sciences, Shanghai 200030, China)

Abstract: In the present paper, the basic theory of gravitational lensing is introduced. Strong

lensing, weak lensing and micro lensing are also discussed separately together with the most

recent observations. Especially, the newest application of gravitational lensing, cosmic shear, is

focused in detail. The importance of gravitational lensing on the cosmology is summarized.
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