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2.1 � � W 9 (point-lens)

< 0 a � M 8 E V • ; � j � 2 A y n n ( � z 1) 
 M t � z ! C � / � Z x b 
 � �

C J � � h m 
 M 8 z @ ! j � y � � • z = u � � y � � � � � O O 
 [ m S X ( M 8 �

� O O y 2 � M � y b ^ & � g? �

g? =
GMb

(b2 + z2)3=2
; (1)

[ m M � u H d j � �h M � b ^ & � y � & Y + v? =
R

g? dt =
R

g? dz=c= 2 GM=bc f �

x u O O ,

� = v? =c=
2GM
bc2

( J � � h ) ; (2)

� C P 	 ; � � n n - 
 � ' l 2 ! 
 [ , k + �

� = v? =c=
4GM
bc2

( P 	 ; � � ) : (3)

{ 1 � N 9 m W 0 � [ y � b z � k � M # H � z P P

[4]

, 1 � � � M 8 E V X x � � W R * a R * ~ ) 6 " R G � y O O , � � f � ` X 
 �

• � i F 
 � , 1 � � �

� 1 � $ c 8 % T l �  g f _ ( f _ Z � 5 Q � F w 3 � [4]

l 
 / M � m G /pc �= (00)

Y y 1 10� 7 1

	 X T , 1011 104 1

	 X T , • 1014 105 100

2.2 � k t W 9 (extended lenses)

� % j � & 8 � � (x; y; z) y � � u H 
  % u H d u 5 y Z x � � J B Q u u H y Z

x 8 8 l % u H d y l � 
 R � u H d f � " 7 � � � S * 
 P \ � S * A J � R " 
 � �
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� M �  u H j � & 8 G � y J � 0 	 ] � � � z 2 
 o z � � M 8 t � z v ` 2 
 � 	 �

� s � * � y � � ' � 
 u H d j � * ) � & 8 �

P
(� ) =

R
� dz 
 [ G � y b ^ z v y �

� M � �

v(� ) = 2 r �

Z
	 dz=c ; (4)

[ m r � 2 s � S * � y � � a � 
 
 � 2 G 2 P 	 ; � � y 1 S � � 	 s � 0 	 (� ) =
R

	 dz 


G 	 (� ) o z ! 
 � � 5 L ! T r 2	 (� ) = 4 �G
P

(� ) � 
 e M 8 E V u H d G � y � � y O

O , f L Q

� (� ) =
2
c2 r � 	 (� ) =

4G
c2

Z
(� � � 0)

P
(� 0)

j� � � 0j2
d2� : (5)

{ 2 � � � v I z � e - � {

[4]

h 
 d � ( 
 5 � u H d � J B Q y 
 d � f ] � � � � u H @ y � f � � z 2 R , 


• ; g d Z J B Q D s 
 u H d C x J B Q Dd ^ 
 � u H d ' 5 y Z x � Dds �  % D s �

Dd � � Dds 8 8 l % u H d y l � 
 3 u H d f � ` � � � S * � � S # ! � � u H 
 J B

Q ` $ h 5 � X y M ' z v y � , � � � p  % � � u H ( M 8 � � � O O ( O O , � � ) 


R " J B Q ` $ h 5 � X y M ' z v y � , � � 
 � � = Dd � � ` x { � y 2 
  % a � �

" j � w 
 D s 6= Dd + Dds � $ 
 � M 8 y O O , � i F 
 � � � � � � � 8 F % 1 
 G �

� � n y 
 d I * f x

� = � �
Dds

D s
� ; (6)

R R 2 M 8 � L (ray-trace) ! T � � % • ; > � y � 
 � f D z ! � ; 5 �

� S 5 b ^ C u H d y X m ! (� = 0) k u H d 2 v � P y 
 ? " G � y @ ' z 2 • ;

w 
P � Einstein w ( � z 3) � � % ) � & 8 � } � p y u H d 
 [ � � O O , f � u � •

� Y + � =
4GM (� )
c2Dd�


 M 8 � L ! T G �

� (� ) = � �
Dds

D sDd

4GM (� )
c2�

= � �
M�

� (Dd � )2
P

crit
; (7)
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[ m 
 � 6 ) �

P
crit � 	 �

X

crit

�
c2

4�G
D s

DdDds
= 1 :68� 103 M � � pc� 2

�
D

1 Gpc

� � 1

; (8)

+ m D �
DdDds

D s
� ! H Z x �r � = 0 " 
 • ; } � p & 8 G � y Einstein w y � E �

� E =
�

4GM (� E )
c2

Dds

D sDd

� 1=2

= 4 �
� 2

v

c2

�
Dds

D s

�
� 1:1500

�
� v

200 km=s

� 2 �
Dds

D s

�
:

(9)

[ m � v � • � M � ( � � � 
 e 
l j

� � 3 R * y Einstein w y � E � l f k

; 200

 � F j � � 3 R * a e } R * y

Einstein w y � E F % 0:500
�

2.3 � P . k � (arrival time delay)

� � 	 	 0 �
2
c2

Dds

D s
	 
  (5) � (6)

+ f x

r �

�
1
2

(� � � )2 � 	 0
�

� r � � = 0 ; (10)

{ 3 Einstein x z - � {

R R 2 %  (Fermat) 0 z 
 [ m � � � � u H y %  0 � [ # z � 	 � � � � u H G � y @

c D j C % � � ` � y � f � %  0 z f 4 L Q - * A � % z 5 y Y + �

r � t(� ) = r �

�
(1 + zd)

c
DdD s

Dds

�
1
2

(� � � )2 � 	 0
��

= r � (tgeom + tgrav ) = 0 ; (11)

[ m 
 zd 2 u H d R C � f y k � 
 tgeom 2  u H d G � y 
 d " � q U 
 tgrav �  P 	

; � � � ] y " � q U � %  0 z , 3 
 @ c D j C % " � q U � F ` y � f �

2.4 � * < ' / J (convergence and shear)

* 5 l V u H d G � y @ z � � K w 
 R p K w f � l V Jacobian S U r - @ �

A � 1
ij �

@�i
@�j

=
�

� ij �
2
c2

DdsDd

D s
	 ij

�
/

�
@2�

@�i @�j

�
; (12)
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 	 ij 2 s � 0 y j � � 0 	 & 
 � ij � delta ] D � � & . � 	 z T a  h > � � k �
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 (
 1; 
 2) 
 G

k �
P

(� )
P

crit
=

1
2

r 2
� 	 ;


 1(� ) =
1
2

(	 11 � 	 22) � 
 (� ) cos 2� ;


 2(� ) = 	 12 = 	 21 � 
 (� ) sin 2� ;

(13)

[ m � � ! C , � S U A � 1
l L f � L Q

A � 1 =

 
1 � k � 
 1 � 
 2

� 
 2 1 � k + 
 1

!

= (1 � k)

 
1 0

0 1

!

� 


 
cos 2� sin 2�

sin 2� � cos 2�

!

: (14)

� � u H y # l � � f �  Jacobian S U y [ � + r , , �

� =
S
S0

= det( A ) =
�
(1 � k)2 � 
 2

1 � 
 2
2

� � 1
; (15)

[ m S � S0 & . � @ a 5 y � � �  e f $ 
 A � 1
� • ; & m k y � � 2 ( 5 " = C o ^

� # l ( • P F ) 
 � � ; & m 
 y � � 2 ' = C � ^ � u R Q @ m ( � z 4) � � � u H 6 z

4 * 5 y , * � � 
p  % @ " # l � � > 1 
 R � @ ` ] r ' 5 A � � ? J 0 $ . � y j

R � R * l V � � u H H � R f � " H � = � " J B u �

{ 4 � + 6 z { U b ! i v - {

[2]

/ % � 
 %  0 � � \ � I % @ y R ! Q ( � � % • ; > � y � 
 � � ` y � f ] � �

@ y � f � � y � 0 	 & f > X Jacobian S U A � 1
C " � q U S * � y [ � � C � • 0 t D

� � y � f 
 � S A � 1

 ) y . _ � � X 
 G � C S * � S 2 X C � � w 
 
 e det(A ) > 0

k tr( A ) > 0 
 Y Q X � y @ � � S A � 1

 ) y . _ � � 1 
 G � S 2 X C - � w 
 
 e

det(A ) > 0 k tr( A ) < 0 
 Y Q X � y @ � � S A � 1

 ) y . _ 6 o 
 G � R ! • ; H �

(saddle) 
 det(A ) < 0 
 Y Q s � y @ �

2.5 � 2 O L b ' C 4 L b (caustics and critical curves)

� S � � u H y # l � � C � d � ! � ! 5 
 G • ; 5 c z G � • ; @ � • ; 5 | G �

� q @ ( c ( A � 1
C 9 ; � ! � � 
 ~ R 2 !  5 y # l � � C @ S * � ! 
 det(A � 1) = 0
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y w 8 P � � 6 w 8 
 U s & � M y @ G � y t , � � 6 w 8 C 5 S * � y � � w 8 � �

* � w 8 � z 5 � � • ; � n � � F 3 � * � w 8 a � 6 w 8 � C 5 S * � 
 ' B ; u J

� Y y * � w 8 � � y 2 @ S * � � * y � 6 w 8 
 � � ; * � w 8 � � % ~ * y � 6 w

8 � 5 S * � � d � C * � w 8 2 A y � � ! i 8 y # l � � � S 5 _ V * � w 8 
 G !

M y " f � K w y @ G � � � � u H y � � 2 � @ � � 
 0 C B ; t , G � M y @ 
 � � ;

t , y @ G C h C � " f � K w �

(a) (b)

{ 5 � 6 D � � 1 	 =
1
2

ln( a2 + x2 + Qy2) � � . Z R z A

[4]

(a) 7 U , | + � x : 
 7 � g � (b) B U , � � � | � 7 x : 
 B 


3 � � � w J { � & � �

3.1 � I n A W 9

k a 
 � / A % 1 y � � u H " P � f u H 
 U & G � � q @ k @ " f � � K w � f u

H 2 E y |  � - 
 p n n G � � 5 a J B Q � 8 � % R * ~ y m O t , 
 • � % R * y `

B ; t , �

f � � u H y # l � i l 
 [ . f y H � H � f � % n N . 8 � . � y  F R * � Ellis

a Santos [5]
C 2001 F l V J B � 2 
 R * ~ Abell 2218 m j C � ; X ! ~ � k � y � q @

* q 
 [ m • ; � % k � z = 5 :56 ^ y � R * (baby galaxy) " 3 R * ~ # l � 33 ! � �  

� � u H 
 R ; R * � ( ( � HST y � � X M ~ i A " � 2 �

� � f u H 
 l V $ 
 � h ! � y D B � R * � R * ~ y j � � � � n y 6 W � � � �

Einstein w � E B S _ , * j � ) � } % � 6 , * j � ) � 
h @ y ^ j x u � E y G � ` 


� B x u Dd 
 G u H j � f , , � M (� E ) = � (Dd � E )2 P
crit � � % v � P u H 
 R p � n 6

W x u y 1 S  & f c � � ( 2 � P ^ . E y u H 
 R p 6 W ~ D x u i ^ y j � G � �

l V f u H B � " � q U 
 y f � ~ � Y 4 L D � Refsdal [6]
� 2 
  % tgeom < ' ` 2

Z x ! I 
 � ` 2 Z x $ � H � 1
0 � V � �h P 	 ; � � m x [ tgrav ~ � H � 1

0 � V � 
 R �

" � q U X ' % H � 1
0 � � % � d � � u H * q 
 H0t(� ) c ' * q y 
 d ! I 
 
 e B � " �

q U f � � x Y 4 L D

[6;7]
� � � & & QSO 0957+561y M h

[6;7]
a � 


[8;9]
M Y

[10� 12]
�

B D V 
 f x [ " � q U & . � (1:48� 0:03) yr [13]
a 1.14 yr [9;14;15]

� 1 f VLBI y J B 1
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S

[16]

 Grogin a Narayan [17]

> X � Y 4 L D

H0 = (82 � 6)(1 � k)
�

t
1:14 yr

� � 1

km � s� 1 � Mpc� 1 : (16)

 % k 6 f D � 1 
 R � r t = 1 :14 yr " 
 H0 < 88 km� s� 1 � Mpc� 1
� R ' WMAP (Wilkinson

Microwave Anisotropy Probe) y � M J B D V H0 = (71 � 4:1) km � s� 1 � Mpc� 1
; . �

� � u H R Y Q y @ 2  O O , ] � y 
 � ' u H d � � 0 y • 0 	 & ! I 
 � � 3 u

H d ) � & 8 y F V � 1 F 6 2 7 
p 2 ' # l � ! I y z T �  h > � k a 
 } � F V �

1 F  & 2 7 
 
 � U & 2  � � 0 y � 0 	 & ] � y � 
 e 
 � � � � u H y R • ^ j f �

� R * y 1 F ( _ . 2 � A y � 1 F ) = [ n N �

w � # j (CDM) 6 W / r � l j � R * m � j C l � y � 1 F 
 p d ; J B u y � 1 F

8 � % z � ` � Dalal a Kochanek [18]
b X 
 � % � n u H � � - R x u y I @ * q 
 [ J

B a z � / r y � � ` 6 o � R p 6 o 6 D  ' : • R � # j � � r 5 5

[19]

 U � � � � !

l � � 1 F j C 
 ' CDM 6 W • e � = • : y B � f [ 
 � � x u ' J B ; . y � � 
 | r

R * A m � 1 F y � j � � � R * � j � y � & \ 


[20;21]
�

3.2 � N n A W 9

3.2.1 � � � � � ~ | { � •

R � y � � � u H 2 b k a 
 8 F % 1 
 � R * ~ G � y � � u H 2 E � � � � u H 6

{ 6 � � K 6 m W 
 v I � � n Z R z � 4 Z A

[4]

(a) � � " j ] e ( � | ) c ] o ( / | ) | T , B � (b) n X v K � v ( 9 . } Y | � � L x 
 E $ # � x K $ �

� v | B � � E � � u � � n X " j � � o � B | � � O : < " D Q � 
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z G � � q @ 
 [ K w T � ~ $ L F 
 ; � � 
 # l � � � 1 + 2k � z 6 > X � • J � � &

8 y R * l V � u H � � l 	 K w Y Q y • J � 3 Y @ 
 R p l 	 K w f � l V u J � u &

8 - @ r = [ G N �  
e1

e2

!

=
1

I 11 + I 22

 
I 11 � I 22

2I 12

!

; (17)

[ m 
 ei (i = 1 ; 2) � O O � 
 I ij (i = 1 ; 2; j = 1 ; 2) , , @ S * � % ; R * M � & 8 ] D

f (x1; x2) y � 0 S

R
f (x1; x2)x i x j dx1dx2 �

� S # ! � u H 
 R * y & 8 C z � � 2 � [ y � l V J B x u " K w y @ y & 8 n

n 
' . 
 Q \ � y E . f � x [ ( R * @ G � R p K w y � u H y ^ j � • o K w y @

" ~ � \ m 
 - • : R 2 � d ' K w y @ y Q ( � � � � � u H y Q ( � C � � � u H n

N m 
 6 o ) 6 k % � � 6 o ! � r ^ z 
 p [ & & y � $ 0 G ; o � �  � � � u H � d

� R * ~ R x y j � G �

[22� 26]
' 
 � h ! � a X � 8 ! � R x u y 1 S 
 p • e

[27]
�

3.2.2 � � � } � (cosmic shear) | { � •

A F r O � { F ; � (panoramic camera) y � I 
l g t l g B � ~ x � � l Q C 
 R

� n N ) w l V � 1 F b D � i ^ y k % � [ m ) w  h ~ Q � n N l V � 1 F y ! H ; �

\ • � ) w  h R 2 t � J B Q 7 8 ! C �  ) w l V � 1 F � 8 Z R * R G � y � � u H

2 E � U b y 2 M C j � 6 _ ? & 8 y i d 2 A ` 2 " R � � y O O n n 
 [ 1 S F Q 8 Z

R * @ y K w � 
 e 
 K w y q � ^ j � � � l V � 1 F y q � ^ j � � • g \ B u ) w  h

Q _ 2 C 2000 F y d �

[28� 31]

 < c R • 2 E � C n N ) w # j & 8 � � ) w > � ! * ] �

y | � � �

R * Y Q 6 W , 3 
 R * y & 8 z s % l V � � � J y ! C � & & l V � u H 2 E y �

• : R 2 B � R * y Y � 
 � �  h y 
 � ; I ] D z & & R * y Y � �

� � (� ) = h
 t (x i )
 t (x j )i � h 
 r (x i )
 r (x j )i ; (18)

[ m 
 � = jx i � x j j 2 
 ; R * � y , Z x 
 
 t a 
 r 2 
 ; R * � 8 h C a 3 � 8 } 
 45�

! C � y  h � R p ! � f � ^ / � � J B D V > X u H d y ! I Q ( 
 � 6 � t % l g �

s y 
 d ^ j � [ T y 
 � ; I q � � 2 l V g y 4 r y a ] D (window function) � ; I ]

D � & � x y �

J B Q _ & � 
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CTIO 2) 1.0 R � 26 [30]

CFHT 3) 1.7 [43]

CFHT 0.96 I � 24, V � 25 [28]

WHT 4) 0.5 R � 26 1:50+0 :5
� 0:5 [27]

VLT 5) 0.65 I � 24:5 1:03+0 :0
� 0:0 [44]

HST/WFPC2 6) 0.05 I � 26 0:91+0 :2
� 0:3 [45]

CFHT 6.5 I � 24:5 0:88+0 :0
� 0:0 [46]

HST/STIS 7) 0.02 [47]

CFHT, CTIO 24 R � 24 0:81+0 :0
� 0:0 [48]

CFHT 8.5 I � 24:5 0:98+0 :0
� 0:0 [49]

HST/WFPC2 0.36 hI i � 23:5 0:94+0 :1
� 0:1 [50]

WHT, CTIO 1.6 R � 26 0:97+0 :1
� 0:0 [51]

CFHT, CTIO 53 R � 24 0:86+0 :0
� 0:0 [52]

MPG/ESO 1.25 R � 25 0:72+0 :0
� 0:0 [53]

Subaru 2.1 R � 26 0:69+0 :1
� 0:1 [54]

CTIO 75 R � 23 0:71+0 :0
� 0:0 [55]

CFHTLS 8) 28 [56]

| � 1) � 8 � � � E 8 Mpc C | % l ( 9 | l 
 Q F � V � & 
 m = 0 :3 � 
 � = 0 :7 | �CDM 8

X � 2) Cerro Tololo Inter-American Observatory � 3) The Canada-France-Hawaii Telescope �

4) William Herschel Telescope � 5) The Very Large Telescope � 6) Wild Field and Planetary

Camera 2 � 7) The Space Telescope Imaging Spectrograph � 8) Canada-France-Hawaii Telescope

Legacy Survey 


� 3 � \ > � p y 0 K i V

� 9 K / m j � , / j k _ M 8 K j v _ * H ) ? b � 4

/m / U " � / U " �

VST 1)
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� , 4 2 10000 2007 [58]

Pan-STARRS 3)
� , 4 � 1:8 4 � 4 31000 2008 [59]

LSST 4)
� , 8.4 7 30000 2012 [60,61]

SNAP 5)
k � 2 0.7 300 2011 [62]

| � 1) VLT Survey Telescope � 2) Visible & Infrared Survey Telescope for Astronomy � 3)

The Panoramic Survey Telescope & Rapid Response System � 4) The Large Synoptic Survey

Telescope � 5) The Supernova/Acceleration Probe 
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Gravitational Lensing and its Applications

FU Li-ping 1, SHU Cheng-gang1;2

(1. Joint Center for Astrophysics, Shanghai Normal Universi ty, Shanghai 200234, China; 2. Shanghai Astronomi-

cal Observatory, Chinese Academy of Sciences, Shanghai 200030, China)

Abstract: In the present paper, the basic theory of gravitational lensing is introduced. Strong

lensing, weak lensing and micro lensing are also discussed separately together with the most

recent observations. Especially, the newest application of gravitational lensing, cosmic shear, is

focused in detail. The importance of gravitational lensingon the cosmology is summarized.
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