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Elastic Least-Squares Reverse-Time Migration
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Abstract— Elastic least-squares reverse-time migration
(ELSRTM) yields subsurface high-resolution elastic images from
multicomponent seismic data. For ocean bottom seismic (OBS)
acquisitions, both pressure and displacement components are
measured using four-component (4C) modern receivers. However,
these 4C data cannot be effectively simulated and migrated
using conventional ELSRTM approaches due to the limitation of
the standard elastic wave equation. For this reason, we propose
a new ELSRTM method based on a modified acoustic-elastic
coupled (AEC) equation. Owing to this equation, either the
prediction or the migration of OBS 4C data can be implemented
using a one-time wavefield simulation. Incorporation with a
perturbation imaging condition, the proposed method can invert
for P- and S-wave velocity and density and generate amplitude-
preserving images. Besides, it can provide subsurface impedance
reflectivity models by stacking the obtained multi-parameter
images. In the least-squares migration, a preconditioned
conjugate gradient algorithm is implemented based on a
multi-parameter diagonal Hessian. Numerical experiments on
an uncorrelated layer model and a portion of the Southern
Yellow China sea model can demonstrate the effectiveness of
this method on improving imaging resolution and accelerating
convergence rate.

Index Terms— Least-squares migration (LSM), multicom-
ponent, multiparameter, ocean bottom seismic (OBS) data,
reverse-time migration.

I. INTRODUCTION

REVERSE time migration (RTM) is a powerful tool
to reveal Earth’s interior from observed seismic data.

By solving the two-way acoustic wave equation, RTM can
overcome the energy evanescence in the ray-based approaches

Manuscript received May 15, 2020; revised September 22, 2020,
November 12, 2020, and December 16, 2020; accepted December 20,
2020. Date of publication January 14, 2021; date of current version Octo-
ber 26, 2021. This work was supported in part by the China Postdoctoral
Science Foundation under Grant 2020M671539; in part by the National
Key Research and Development Program of China Project under Grant
2018YFC0603502 and Grant 2018YFC0310100; and in part by the National
Natural Science Foundation of China under Grant 41930105 and Grant
42074149. (Corresponding authors: Shuanggen Jin; Pengfei Yu.)

Minao Sun is with the School of Remote Sensing and Geomatics Engi-
neering, Nanjing University of Information Science and Technology, Nanjing
210044, China (e-mail: minaosun@nuist.edu.cn).

Shuanggen Jin is with the School of Remote Sensing and Geomatics
Engineering, Nanjing University of Information Science and Technology,
Nanjing 210044, China, and also with the Key Laboratory of Planetary
Sciences, Shanghai Astronomical Observatory, Chinese Academy of Sciences,
Shanghai 200030, China (e-mail: sgjin@shao.ac.cn).

Pengfei Yu is with the College of Oceanography, Hohai University, Nanjing
210098, China (e-mail: hhu_ypf@hhu.edu.cn).

Digital Object Identifier 10.1109/TGRS.2020.3047117

[1], [2]. However, the observed data always suffer from limited
recording aperture, narrow frequency bandwidth, and irregular
source–receiver distributions. As a result, RTM results in
degraded images with imprecise amplitude and unsatisfied
imaging resolution [3]. Least-squares migration (LSM) for-
mulates the classical migration as a linear inverse problem
and seeks optimal images that can best match observed
data [4]. Compared with RTM, least-squares RTM (LSRTM)
can improve the resolution and suppress migration artifacts
[5]–[13]. Nowadays, it has been developed to con-
sider more physical parameters [14], [15] and high-order
multiples [16].

With the rapid development of OBS acquisitions in
deep-sea resource explorations, elastic wave phenomena,
i.e., wave-mode conventions and amplitude variation versus
offset effects, become increasingly significant in far-offset
observed data. Consequently, acoustic approaches may lead
to false interfaces and migration artifacts in obtained
images [17]. As governed by the elastic wave equation, elastic
RTM (ERTM) can interpret complicated wave phenomena
and yield subsurface images associated with P- and S-waves
[18]–[21]. The recovered elastic profiles can be used to val-
idate bright-spot reflections, estimate the Poisson’s ratio, and
detect fractures through shear-wave splitting for anisotropic
media [22]. For elastic LSRTM (ELSRTM), Stanton and
Sacchi [23], [24] use an explicit one-way migration operator
to implement the elastic LSM and combine a P- and S-wave
separation to give high-resolution PP and PS images. Besides,
the ELSRTM method based on the two-way equation can
automatically correct the polarity reversals and mitigate the
parameter coupling effects [25]–[28]. With consideration of
the density variation, a density-variable ELSRTM approach
has been proved to enhance the amplitude fidelity and estimate
impedance reflectivity model [29], [30].

By locating 4C receivers on the seabed, ocean bottom
seismometer measures one pressure and three displacement
components. However, the standard elastic wave equation in
ELSRTM cannot directly predict nor utilize these components.
Many geophysicists proposed a fluid-solid coupled equation
to solve the acoustic and elastic wave equations in different
computing areas, respectively [31]–[34]. This strategy allows
one to compute the pressure wavefield in the water immedi-
ately above the seabed and the displacement wavefields on
the solid seabed, but it requires to explicitly implement the
correct boundary conditions on the seabed [35]. Furthermore,
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it becomes more challenging for the media with surface
topography and irregular interfaces [36]–[38]. Alternatively,
Yu et al. [39] introduced the relationship between the pressure
and the normal stress components into the elastic wave equa-
tion. The obtained acoustic-elastic coupled (AEC) equation
uses one more formula to extract the pressure component
from elastic wavefields instead of performing a P/S wavefield
decomposition. Because this AEC equation can be applied
in both fluid and solid areas, there is no need to implement
the boundary conditions. The developed ERTM approach for
OBS 4C data shows to suppress the non-physical migration
artifacts effectively and has been further extended to combine
the vector imaging condition [40] and consider anisotropic
properties [41].

This study develops a new ELSRTM method based on a
modified AEC equation (AEC-LSRTM). The modifications on
the original AEC equation allow one to predict and migrate
the 4C seismic data but reduce memory requirement. This
method defines a new misfit function for OBS 4C data to
adjust the weights of displacement and pressure components.
Incorporation with the perturbation imaging condition, it can
simultaneously invert for P- and S-wave velocities and den-
sity and thus provide quantitative estimations of impedance
reflectivity. To accelerate the convergence rate, the LSM is
implemented using a preconditioned conjugate-gradient algo-
rithm with a multi-parameter diagonal Hessian. This article is
organized as follows. Section II introduces the methodology
of this AEC-LSRTM method and summarizes the detailed
implementation of LSM. In Section III, we use two numerical
examples to validate the effectiveness and accuracy of the pro-
posed AEC-LSRTM method with a comparison of ELSRTM.
Before conclusions, we investigate the potential of this method
for joint imaging of sparse OBN and marine towed-streamer
data.

II. METHODOLOGY

A. ERTM Based on the Modified AEC Equation

The modified 2-D displacement-stress AEC equation can
generate OBS 4C data, given by (for details see Appendix A)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
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where p indicates the pressure component of the elastic wave-
field, ux and uz denote the horizontal- and vertical-particle
displacement components, and τ s

s and τ s
n are the defined

deviatoric stress components related to S-wave. λ and μ are
the Lamé constants, and ρ is density. f p indicates the source
function to yield a pure P-wave. Because the modified AEC
equation is solved in both fluid and solid areas, there is no

need to implement the boundary conditions even for irregular
grids and surface topography.

Based on the classical migration theory, seismic data d can
be predicted using a linear Born modeling

d = Lmref. (2)

where L is the Born operator and mref indicates the reflectivity
model. The elastic Born modeling equation for OBS 4C data
can be derived by dividing the parameters and the wavefields
into background and perturbed parts⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
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To simultaneously make use of observed pressure and
displacement components, a weighted misfit function for OBS
4C data E(m) is adopted, given by

E(m) = 1

2
ε · ‖δdu‖2 + 1

2
(1 − ε) · ζ · ∥∥δdp

∥∥2
(4)

where δdu and δdp denote the data residuals of the dis-
placement and pressure components, respectively. Here, ε is a
weighting coefficient, satisfying ε ∈ [0, 1], and a scale factor
ζ is used to balance the difference in order of magnitude.

The migration image mmig can be obtained by applying the
adjoint Born operator LT to the data residuals

mmig = LT f ′. (5)

Substituting (2) into (5), the adjoint modified AEC equation
satisfies (details see Appendix B)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
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Since the 4C data residuals are injected into the backpropa-
gated wavefields, both pressure and displacement components
can contribute to multiparameter images.
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The perturbations of Lamé constants and density (λ, μ, ρ)
can be estimated by computing the zero-lag cross correlation
between the adjoint wavefields and the forward wavefields,
given by
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According to the chain rule, the perturbations of P-wave
velocity, S-wave velocity, and density (V p, V s, ρ) can be
computed

δV p = 2ρV p2 · δλ

δV s = −4ρV s2 · δλ + 2ρV s2 · δμ
δρvel = ρ

(
V p2 − 2V s2

) · δλ + ρV s2 · δμ + ρδρ. (9)

To eliminate the dimension differences in order of magnitude
for different parameter classes, the reflectivity model is defined
as the relative parameter perturbation mmig = δm/m.

B. Implementation of Least-Squares Migration

By formulating a least-squares linear inverse problem,
the optimal images can be sought when the minimum is
attained, the reflectivity model mref can be obtained as the
solution of the Newton normal equation

mmig = (
LT L

)
mref. (10)

Here, LT L is the Hessian operator, which is the second-order
partial derivative of the misfit function (4) with respect to
parameters. In this study, the multi-parameter Hessian is a
3 × 3 block matrix associated with P- and S-wave velocities
and density. The diagonal blocks of the Hessian are formed
by the correlations of the sensitivity kernels of the same
parameter class, reflecting the data bandwidth and the obser-
vation aperture. The non-diagonal blocks describe the internal
couplings between different parameter classes. The accuracy
of the Hessian operator has a great influence on the inverted
reflectivity model. Therefore, well-resolved subsurface images
can be obtained only if correct Hessian operator is utilized.

In this method, the LSM is implemented using a pre-
conditioned conjugate gradient (PCG) loop as shown in
Algorithm 1. To improve the convergence rate, a multi-
parameter diagonal Hessian has been used, which is derived
based on the modified AEC equation (see details in Appen-
dix C). In each iteration, the demigration Lpk and the migra-
tion LT (Lpk) processes for OBS 4C data are implemented
according to (2) and (6), respectively. When the PCG loop
is finished, the LSM images of P- and S-wave velocities and
density can be obtained.

Compared with the velocity perturbations, the contrasts of
elastic impedance can better represent reflecting the characters
of subsurface structures. In vertical incident cases, the elastic
impedance satisfies I p = ρV p and I s = ρV s. Thus, we can

Algorithm 1 PCG Loop for LSM
Input: mmig , Hd

Set x0 = 0 and r0 = (
LT L

)
x0 − mmig

Solve Hdy0 = r0 for y0

Set p0 = −r0 and k = 0

Output: Estimated LSM images

1: while rk �= 0 do

2: sk = rT
k rk

(Lpk )
T (Lpk )

3: xk+1 = xk + skpk

4: rk+1 = rk + sk
[
LT (Lpk)

]
5: Solve Hdyk+1 = rk+1 for yk+1

6: tk+1 = rT
k+1yk+1

rT
k yk

7: pk+1 = −yk+1 + tk+1pk

8: k = k + 1

9: end while

10: return xk+1
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It shows that the relative perturbations of elastic impedance
can be easily computed by stacking the recovered images of
P-/S-wave velocities and density, given by

I pref = V pref + ρref

I sref = V sref + ρref. (12)

The workflow of the proposed AEC-LSRTM method is
shown in Fig. 1. In the first step, we need to generate the
forward wavefields excited by a pure P-wave source and
the adjoint wavefields backpropagated with 4C data residu-
als. By applying the imaging conditions to these wavefields,
we can obtain the multiparameter RTM images. Secondly,
we implement the LSM using the PCG loop, including
multiple-time de-migration and migration processes. When
the convergence condition is satisfied, we can obtain the
final LSM images and estimate the impedance reflectivity
models. Table I shows the computational comparison using
different governing equations. Owing to the modifications on
the original AEC equation, the proposed AEC-LSRTM method
can simultaneously make use of OBS 4C data with similar
computational costs as the conventional 3C ELSRTM method.

III. EXPERIMENTAL RESULTS

In this section, we use two numerical examples: 1) an
uncorrelated layered model and 2) a portion of the Yel-
low China Sea model, to demonstrate the effectiveness
of the AEC-LSRTM method for OBS 4C data. In these
examples, an O(2, 8) time-space-domain finite-difference(FD)
staggered-grid solution [42] of the modified AEC equation (1)
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Fig. 1. Flowchat of the AEC-LSRTM method.

TABLE I

COMPUTATIONAL COMPARISON BETWEEN DIFFERENT

GOVERNING EQUATIONS

is used to generate both forward and back-propagated wave-
fields without consideration of a free-surface boundary condi-
tion. As a comparison, the conventional ELSRTM method is
also performed using the same misfit function with only 3C
displacement data.

A. Experiment 1: Uncorrelated Layered Model Test

The first experiment is tested on the uncorrelated layered
model. The true models of P- and S-wave velocities and
density are displayed in Fig. 2, and the migration ones are
generated using a smoothing window of 30 m. The acquisition
includes 61 sources below the sea surface and 301 OBS
receivers on the seabed with sampling intervals of 50 and
10 m, respectively. A Ricker wavelet with a peak frequency
of 20 Hz is adopted to generate a pure P-wave source. The
total recording time is 3.0 s with a sampling rate of 1 ms.
In the PCG loop of the LSM, the maximum iteration number
is set to be 51.

Fig. 3 shows the migration images of V p, V s, and ρ. It is
apparent that the shallow model is degraded by high-amplitude
back-scatterings, and the deep layer shows unbalanced ampli-
tude. It supports that the adjoint operator is not a good approx-
imation for the inverse. Besides, the parameter couplings

Fig. 2. True models of (a) V p, (b) V s, and (c) ρ.

Fig. 3. Migration images of (a) V p, (b) V s, and (c) ρ using AEC-RTM.

cause some crosstalk footprints, which significantly reduce the
quality of the images. Fig. 4 shows the final LSM images using
AEC-LSRTM with OBS 4C data. After sufficient iterations,
the images exhibit preserved amplitude, improved interface
continuity, and suppressed footprints. It demonstrates that the
AEC-LSRTM method can effectively remove the blurring
effects of the Hessian and provide high-resolution parameter
images.

The LSM images are also inverted using ELSRTM with
3C displacement data. As shown in Fig. 5, the coupling
footprints are more serious, and the retrieved interfaces are
more strongly distorted by artificial reflectors. Fig. 6 presents
the vertical profiles of elastic impedance reflectivity models.
The ELSRTM method overestimates the interfaces (see arrows
in Fig. 6) and provides inaccurate reflectivity reconstructions
with unexpected oscillations. In contrast, the AEC-LSRTM
results (red lines) are much closer to the true ones (black lines)
and have a higher resolution with narrower sidelobes.

Fig. 7 shows the single-shot data residuals of ux- and
uz-components. In the AEC-LSRTM results, the amplitude of
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Fig. 4. Final LSM images of (a) V p, (b) V s, and (c) ρ using AEC-LSRTM.

Fig. 5. Final LSM images of (a) V p, (b) V s, and (c) ρ using ELSRTM with
only displacement data.

the data residuals is much weaker, which suggests that the
AEC-LSRTM method can give more accurate interpretation
of the observed data. Fig. 8 shows the normalized conver-
gence profile of the weighted misfit function. As more data
components are involved, AEC-LSRTM provides a higher
convergence rate than ELSRTM and eventually converges to
a lower misfit value.

B. Experiment 2: Southern Yellow Sea Model Test

The second experiment is performed on a portion of the
Southern Yellow Sea model (see Fig. 9). The model is 8 km in
width and 2.5 km in depth, which is re-sampled with 651 and
136 grids in horizontal and vertical directions, respectively.
The migration models are generated using a smoothing win-
dow of 60 m. The acquisition includes 64 sources below the
sea surface and 651 receivers on the seabed with intervals
of 100 and 12.5 m, respectively. The total recording time is

Fig. 6. Vertical profiles of P- and S-wave reflectivity models for true model
(black solid lines), ELSRTM (green dotted lines), and AEC-LSRTM (red
dashed lines) extracted at the horizontal distances of (Top) 0.75 km and
(Bottom) 2.25 km.

Fig. 7. Normalized single-shot data residuals of (a) ux - and
(b) uz- components for the migration model, the AEC-LSRTM results, and
the ELSRTM results.

3.2 s with a temporal sampling rate of 0.8 ms. Fig. 10 shows
the observed multicomponent data, which contains a certain
degree of Gaussian noise. The maximum iteration numbers of
the LSM loop for the two methods are set to be 51.

Fig. 11 presents the migration images of V p, V s, and
ρ using AEC-RTM. Although the first-arrivals have been
removed in advance (marked by the black lines in Fig. 10),
the obtained V p and V s images [Fig. 11(a) and (b)] still suf-
fer from serious back-scatterings and unbalanced amplitude.
Due to the high-contrast basement, the incident waves are
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Fig. 8. Convergence profiles of AEC-LSRTM and ELSRTM. The values of
misfit function have been normalized. The dashed line indicates the ELSRTM
result, and the solid one denotes the AEC-LSRTM result.

Fig. 9. True models of (a) V p, (b) V s, and (c) ρ.

Fig. 10. Single-shot observed noisy data (SNR = 20) of (a) p-, (b) ux -,
and (c) uz-components. First arrivals before the black lines are removed for
migration. (a) p-wavefield. (b) ux -wavefield. (c) uz-wavefield.

mostly reflected at the depth of 0.4 km. As a consequence,
the underlying structures cannot be well inverted. In con-
trast, the ρ image [Fig. 11(c)] is much better, showing high
amplitude consistency and clear structures. It suggests that the
density image can effectively mitigate those low-wavenumber
noises and improve the imaging resolution. It is consistent
with the sensitivity analysis that the ρ perturbation is more
sensitive to reflections but has less sensitivity on transmission
waves [43].

Fig. 12 presents the final LSM images of V p, V s, and ρ
using ELSRTM and AEC-LSRTM. The ELSRTM images are

Fig. 11. Migration images of (a) V p, (b) V s, and (c) ρ using AEC-RTM.

Fig. 12. Final LSM images using the (Left) ELSRTM and (Right)
AEC-LSRTM methods of (a) and (b) V p, (c) and (d) V s, and (e) and (f) ρ.
(a) V p image using ELSRTM. (b) V p image using AEC-LSRTM. (c) V s
image using ELSRTM. (d) V s image using AEC-LSRTM. (e) ρ image using
ELSRTM. (f) ρ image using AEC-LSRTM.

influenced by the backscattering energy (see arrows in Fig. 12)
and the Gaussian noises from the observed data. On the
contrary, the AEC-LSRTM method provides better-resolved
structures with improved continuity and enhanced fidelity.
The vertical profiles of elastic impedance reflectivity models
are shown in Fig. 13. The AEC-LSRTM results are much
closer to the true reflectivity model and give more accurate
characterizations of the high-wavenumber reflecting interfaces.

IV. DISCUSSION

In the previous section, we have validated the effectiveness
of the AEC-LSRTM method for OBS 4C data. Due to the
high acquisition costs, a typical ocean-bottom node (OBN)
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Fig. 13. Vertical profiles of (a) and (c) P- and (b) and (d) S-wave impedance
reflectivity models at the distances of (Top) 2.5 km and (Bottom) 5.5 km.

Fig. 14. True P-wave velocity model for the Sigbee2A model test. The
sources and hydrophones are located below the sea surface, and the OBNs
are placed on the seabed.

observation geometry may include only a few dozens of 4C
receivers. As a consequence, limited observation apertures and
sparse sampling intervals can significantly reduce the imaging
quality. Fortunately, high-dense towed-streamer data acquired
in the same exploration areas may be a useful supplement
to the sparse OBN observation. This section investigates
whether the AEC-LSRTM method can jointly migrate 1C
towed-streamer data and 4C OBN data to obtain high-quality
subsurface images.

Fig. 14 shows the true V p of the Sigbee2A model. The
S-wave velocity and density models below the seabed are built
using the following formulas:

V s(x, z) = V p(x, z)/1.5

ρ(x, z) = 310 · V p(x, z)0.25. (13)

The migration models are generated using a Gaussian smooth-
ing function with a window of 60 m. The acquisition geome-
tries of OBN and hybrid observations are shown in Table II.
The maximum iteration number of the LSM loop is 51.

Figs. 15 and 16 display the migration and LSM images,
respectively. For the OBN observation, the obtained struc-

TABLE II

ACQUISITION GEOMETRIES FOR OBN AND HYBRID OBSERVATIONS

Fig. 15. Migration images for (Top) OBN and (Bottom) hybrid data. (a) V p
image with OBN data. (b) V s image with OBN data. (c) V p image with hyrid
data. (d) V s image with hyrid data.

Fig. 16. LSM images for (Top) OBN and (Bottom) hybrid data. (a) V p
image with OBN data. (b) V s image with OBN data. (c) V p image with
hyrid data. (d) V s image with hyrid data.

tures are not well retrieved, showing significant acqui-
sition footprints (marked by arrows) and discontinuous
reflecting events (marked by the ellipse). Although the foot-
prints have been mostly eliminated by performing the LSM
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Fig. 17. Comparison of ux - and uz-component records of observed (black
lines) and predicted using OBN (blue lines) and hybrid (red lines) data.

Fig. 18. Single-shot gathers of p-component data of observed (a) and
predicted using (b) OBN and (c) hybrid data.

algorithm [see Fig. 16(a) and (b)], the reflecting layers
are still distorted. As the marine towed-streamer data are
simultaneously migrated, the footprints are mostly elimi-
nated, providing less migration artifacts and better continuity
[see Fig. 16(c) and (d)]. Figs. 17 and 18 present the predicted
multicomponent records using the two observations. It shows
that the records predicted by the OBN data have biased phases
and inaccurate amplitude. In contrast, the results using the
hybrid observation match the observed data more closely. The
results suggest that the AEC-LSRTM method is useful to
jointly migrate these two types of marine seismic data and
suppress the acquisition footprints.

V. CONCLUSION

In this article, we have proposed a new ELSRTM method
based on a modified acoustic-elastic coupled equation. Owing
to the modified AEC equation, OBS 4C data can be pre-
dicted/migrated using a one-time wavefield simulation. The
proposed method can yield multiple images and give quan-
titative estimations of subsurface impedance reflectivity at
similar computational consumption as the conventional 3C
ELSRTM method. Numerical experiments on the uncorrelated
layer model and the Southern Yellow Sea model have validated
that the method can enhance amplitude fidelity, improve spatial
resolution, and suppress migration artifacts. The discussion
shows that the AEC-LSRTM method can jointly utilize dense
towed-streamer data to suppress the acquisition footprints

caused by the sparse OBN observations. Of course, since the
current AEC-LSRTM method is built on a waveform-based
misfit function, it still suffers from the cycle-skipping problem
when the migration models are not precise enough. In the
future, we will make more use of the kinematic information
of observed data to improve the stability and applicability of
the algorithm.

APPENDIX A
DERIVATION OF THE MODIFIED ACOUSTIC-ELASTIC

COUPLED EQUATION

We start from the standard 2-D time-domain displacement-
stress elastic wave equation, given by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ
∂2ux

∂ t2
= ∂τxx

∂x
+ ∂τxz

∂z

ρ
∂2uz

∂ t2
= ∂τxz

∂x
+ ∂τzz

∂z

τxx = (λ + 2μ)
∂ux

∂x
+ λ

∂uz

∂z
+ f

τzz = (λ + 2μ)
∂uz

∂z
+ λ

∂ux

∂x
+ f

τxz = μ

(
∂ux

∂z
+ ∂uz

∂x

)

(A.1)

where ux and uz denote the horizontal- and vertical-particle
displacement components, τxx and τzz are the normal stress
components, and τxz is the shear stress component. λ and μ
are the Lamé constants, and ρ is density. The source function
f is implemented in τxx and τzz to generate a pure P-wave.

In the tensor analysis, the stress tensor T can be decomposed
into the isotropic pressure −pI and the deviatoric τ s parts

T = τ s − pI (A.2)

where I is the identity matrix. It satisfies for 2-D case

p = −1

2
tr(T)

= −1

2
(τxx + τzz) = −(λ + μ)

(
∂ux

∂x
+ ∂uz

∂z

)
. (A.3)

As a result, the deviatoric stress components become

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

τ s
xx = τxx + p = μ

∂ux

∂x
− μ

∂uz

∂z

τ s
zz = τzz + p = μ

∂uz

∂z
− μ

∂ux

∂x

τ s
xz = τxz = μ

∂ux

∂z
+ μ

∂uz

∂x
.

(A.4)

Substituting (A.4) into (A.1), we can obtain the original
acoustic-elastic coupled equation referred to [39].

The original AEC equation includes six formulas, which is
redundant in computing the pressure component. In this study,
the stress components are defined as

τ s
n = τ s

xx = −τ s
zz, τ s

s = τ s
xz (A.5)
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where τ s
n and τ s

s are the re-defined normal and deviatoric stress
components. The modified AEC equation become

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ
∂2ux

∂ t2
= ∂

(
τ s

n − p
)

∂x
+ ∂τ s

s

∂z

ρ
∂2uz

∂ t2
= ∂τ s

s

∂x
+ ∂

(−τ s
n − p

)
∂z

=0

p = −(λ + μ)

(
∂ux

∂x
+ ∂uz

∂z

)

τ s
n = μ

(
∂ux

∂x
− ∂uz

∂z

)

τ s
s = μ

(
∂ux

∂z
+ ∂uz

∂x

)
.

(A.6)

As same as the original AEC equation, this one can also
simulate the subsurface 4C seismic wavefields but it has
advantages of decreasing the number of partial derivative
equations and saving memory.

For completeness purpose, we also derive the modified AEC
equation in 3-D. The 3-D original AEC equation is given by

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ρ
∂2ux

∂ t2
= ∂(τ s

xx − p)

∂x
+ ∂τ s

xy

∂y
+ ∂τ s

xz

∂z

ρ
∂2uy

∂ t2
= ∂τ s

xy

∂x
+ ∂(τ s

yy − p)

∂y
+ ∂τ s

yz

∂z

ρ
∂2uz

∂ t2
= ∂τ s

xz

∂x
+ ∂τ s

yz

∂y
+ ∂(τ s

zz − p)

∂z

(A.7)

and
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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2
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− ∂uz
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)

τ s
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3
μ

(
2
∂uy

∂y
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− ∂uz

∂z

)

τ s
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3
μ

(
2
∂uz

∂z
− ∂ux
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− ∂uy

∂y

)

τ s
xz = μ

(
∂ux

∂z
+ ∂uz
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)

τ s
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(
∂ux

∂y
+ ∂uy

∂x

)

τ s
yz = μ

(
∂uy

∂z
+ ∂uz

∂y

)
.

(A.8)

Because τ s
xx + τ s

yy + τ s
zz = 0, we can similarly provide a

3-D modified AEC equation by replacing τ s
yy as −(τ s

xx + τ s
zz)

to reduce the number of formulas.

APPENDIX B
DERIVATION OF ADJOINT EQUATION AND GRADIENT FOR

THE AEC-LSRTM METHOD

The modified AEC equation can be rewritten as

Sw = f (B.1)

where w = (
ux , uz, p, τ s

n , τ s
s

)T
denotes the elastic wavefields,

f = (
0, 0, f p, 0, 0

)T
indicates the source wavelet and S is the

parameter derivative matrix

S=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ρ
∂2

∂ t2
0

∂

∂x
− ∂

∂x
− ∂

∂z

0 ρ
∂2

∂ t2

∂

∂z

∂

∂z
− ∂

∂x

(λ + μ)
∂

∂x
(λ + μ)

∂

∂z
1 0 0

−μ
∂

∂x
μ

∂

∂z
0 1 0

−μ
∂

∂z
−μ

∂

∂x
0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (B.2)

Based on the perturbation imaging condition, the migration
image is equivalent with the gradient of the misfit function (4)

∂ E

∂m
=

(
∂dx

∂m

)T

· f ′
x +

(
∂dz

∂m

)T

· f ′
z +

(
∂dp

∂m

)T

· f ′
p

(B.3)

where ∂d/∂m is the first-order partial derivative of elastic
wavefield (at the receiver position) with respective to para-
meters, and f is the multicomponent adjoint source, satisfying⎡

⎣ f ′
x

f ′
z

f ′
p

⎤
⎦ =

⎡
⎣ ε · δdx

ε · δdz

(1 − ε) · ζ · δdp

⎤
⎦. (B.4)

Taking the derivative of (B.1), we have

∂S
∂m

w + S
∂w
∂m

= 0 (B.5)

and

L = ∂w
∂m

= −(
S−1

) ∂S
∂m

w. (B.6)

Substituting (B.6) into (B.3), the gradient can be rewritten
as

∂ E

∂m
=

[
−(

S−1
) ∂S
∂m

w
]T

f ′ (B.7)

and

∂ E

∂m
= −

[
∂S
∂m

w
]T (

ST
)−1

f ′. (B.8)

Here ST is the adjoint operator of the modified AEC-equation,
given by

ST =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ρ
∂2

∂ t2
0 − ∂
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μ

∂
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μ
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1 0 0

∂
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− ∂
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0 1 0

∂

∂z

∂

∂x
0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(B.9)

According to the adjoint-state theory, we define
ŵ = (

S−1
)T

f ′ as the solution of the adjoint equation
ST ŵ = f ′ (B.10)

where ŵ = (
ûx, ûz, p̂, τ̂ s

n , τ̂ s
s

)T
is the adjoint variables.
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For the parameterization of Lamé constants and density
m = [λ,μ, ρ]T , the partial derivative matrices can be given
by

∂S
∂λ

=

⎛
⎜⎜⎜⎜⎜⎝

0 0 0 0 0
0 0 0 0 0
∂

∂x

∂
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(B.11)

∂S
∂μ

=
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(B.12)

and

∂S
∂ρ

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝
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. (B.13)

Substituting equations (B.10)–(B.13) into (B.8), the gradi-
ents of the Lamé constants and density can be given by

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∂ E

∂λ
= − p

λ + μ
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μ
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s

∂ E

∂ρ
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∂ t2
ûz.

(B.14)

APPENDIX C
DERIVATION OF MULTIPARAMETER DIAGONAL HESSIAN

FOR MODIFIED AEC EQUATION

As defined in (10), the Hessian operator for LSM can be
given by

H = LT L. (C.1)

Substituting (B.6) into (C.1), we can get

H =
(

∂S
∂m

w · S−1

)T (
∂S
∂m

w · S−1

)
. (C.2)

Here, S−1 denotes the elastodynamic Green’s function from
each receiver, which requires a large amount of computational
cost. In this article, we use a diagonal pseudo-Hessian opera-
tor [44]

Hd =
(

∂S
∂m

w
)T (

∂S
∂m

w
)

. (C.3)

The diagonal blocks of the Hessian for Lamé constants and
density can be given by⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
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(C.4)

Then, the diagonal blocks of Hessian for P- and S-wave
velocities and density can be obtained via the chain law (9)⎡
⎣ HV pV p 0 0

0 HVsV s 0
0 0 Hρρ

⎤
⎦

=
⎡
⎣ 2ρ 0 0

−4V sρ 2V sρ 0
V p2 − 2V s2 V s2 1

⎤
⎦ ·

⎡
⎣ Hλλ 0 0

0 Hμμ 0
0 0 Hρρ

⎤
⎦

·
⎡
⎣ 2ρ 0 0

−4V sρ 2V sρ 0
V p2 − 2V s2 V s2 1

⎤
⎦

T

(C.5)

and we have⎧⎪⎨
⎪⎩

HV pV p = 4V p2ρ2 Hλλ

HVsV s = 16V s2ρ2 Hλλ + 4V s2ρ2 Hμμ + Hρρ

Hρρ = (
V p2 − 2V s2

)2
Hλλ + V s4 Hμμ + Hρρ.

(C.6)
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